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CHAPTE~ 1 
I NTRO DUCTIO N 
1.1 Object of Study 
[he object of this study is to present a unified network 
approach to the fonnulation and solution of the analysis and minimum 
weight design of rigid-plastic structural systems. These problems have 
been widely treated in the 1 iterature, but, to the author1s knowledge, 
no single unified formulation has been presented. 
The methods to be considered in this study are those general Jy 
classified as optimization techniques. The strict relationship between 
the theorems of plastic analysis and the dual ity concepts of 1 inear 
programming are introduced and carried out throughout the study. 
This study does not intend to introduce new concepts of 
plastic analysis or design, or to develop new mathematical programming 
techniques. Rather, its aim is to show that the vast majority of the 
problems of plastic analysis and design, as presented in the 1 iterature, 
are only special cases of the formulations developed here. These 
formulations are especially appropriate for digital computer 
implementation. Furthermore, the network formulation makes it possible 
to study the convenience of applying speciaJ ized optimization techniques 
to the problem. 
In order to develop the formulations an,approach similar to 
that used for the network ana1ysis of elastic or elastic-plastic structures 
is introduced. However, whereas in the above cases the problem is 
established as a set of simultaneous equations, the present problem is 
establ ished as one of mathematical programming. 
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The structures under consideration are those which can be 
represented as networks, i.e., plane frames, plane grids and space 
frames.. The structures are assumed to be subject to proportional loading 
and to be formed of a rigid-plastic material. Thus the structure 
col lapses when a sufficient number of yield hinges is created to trans-
form the structure into a mechanism. 
The conventional methods of plastic analysis and design 
usually consider only one of the stress components acting on a section 
as decisive for the definition of yielding. However, each one of the 
stress components may produce yielding when acting alone. Recent 
studies, based on the theory of combined stresses, have developed the 
concept of the yield surface for the definition of yielding. The 
concept of a yield surface is the basis for the general ized network 
formulation presented in this study. 
1.2 Background 
In this section only a few of the large number of studies 
related to optimization techniques for plastic analysis and design and 
to the app) ication of network topology in structural analysis are 
described. The works included are those which are considered to be most 
relevant for the present study. 
a) Survey of plastic analysis and design. In 1949 Greenberg 
and prager(13) stated and proved the static and kinematic theorems of 
plastic ana1ysis. Charnes and Greenberg in 1951 (6) proved that these 
two theorems (for the case of trusses) could be represented as dual 
1 inear programming problems. 
By assuming the weight of the structural members to be 1 inear 
functions of their plastic moment capacities, Heyman in 1951 (17) 
establ ished the minimum weight design of frames in a 1 inear programming 
form. Foulkes in 1953(12) approached the same problem from the point of 
view of I inear programming by using the possible collapse mechanisms of 
a structure and Prager in J956(3 0) studied the problem in greater detail. 
Dorn and Greenberg in 1955(9) studied the relationship of the 
plastic analysis theorems and the dual ity concepts of 1 inear programming 
as appl ied to trusses and Prager in 1962(3 1) as appl ied to frames. 
Prager in 1965(32) showed the analogy ~etween the problem of plastic 
analysis and that of network flows, the latter being common problem in 
ope ra t ions resea r'ch'. (5) 
More recent studies have dealt with the practical design of 
steel frames as reported bv Bigelow and Gaylord in 1967(2), who included 
within the model buckl ing constraints for the structural members, and by 
Ridha and Wright in 1967(3~), who treated the problem of the minimum 
cost of frames by using nonl inear programming. 
The present trend in the development of plastic analysis and 
design methods is mainly oriented toward the study of minimum weight 
design for the case of alternative loads (33), and the theoretical and 
experimental studies of the prob1em of overall frame instabil ity (as 
given by the P-6 effect) which has proven to be an all-important 
problem for the case of multistory steel frames. (20) 
b) Network-Topology in structural analysis. Since 1955 the 
digital computer has become an essential tool fo~ the structural 
engineer and has changed the entire approach to structural analysis. 
Several matrix formulations and programming techniques have been 
presented which showed the ease of automation of one or more aspects of 
the analysis problem. 
Fenves and Branin in 1963(10) showed that the problem of 
elastic analysis of structures is just a particular case of the more 
general network theory of 1 inear systems and developed the network-
topological formulation of structural analysis. This formulation is 
particularly well suited for programming on a digital computer because 
the formulation is completely general and can take advantage of the 
programming techni~es developed for general networks. The previous 
development settled the foundations for the development of STRESS(11) 
and other problem-oriented languages WhiCh have enjoyed wide success in 
the engineering profession. 
In recent studies Bruinette and Fenves in 1966(4) and Morris 
and Fenves in 1967(27) developed network formulations for the elastic-
plastic analysis of structures. The procedures uti1 ized consist of 
tracing the load=deformation behavior of a structure as it is subjected 
to cumulative sets of loads. By incrementing the load factor, the 
locations of the successive yield hinges are determined until the 
condition of collapse of the structure is attained. The representation 
of the plastic characteristics of the structural eiements is based on 
the theory of combined stresses which is described, for instance, in 
H d 
(19) 
o gee 
1.3 Assumptions and Limitations 
The assumptions and limitations uti! ized in this study can be 
classified as: those relating to the material,. those relating to the 
structurai members and those reiating to the structure as a whole. 
(i) Material 
a) The Tresca or von Mises yield conditions apply. 
b) The stress-strain diagram is rigid-plastic. 
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c) The rna te ria 1 iss tab 1 e. 
(i i) Structural Members 
a) All members are prismatic and straight with two axes 
of symmetry. 
b) Buck1 ing of members is not considered. 
c) Plastic flow can only take pJace at discrete points 
in the members .. 
(iii) Structure as a whole 
a) The loading is restricted to concentrated loads. 
b) A single set of proportional loads is considered. 
c) Overall frame instabil ity is not considered. 
1.4 Organization of Report 
In Chapter 2 the plastic analysis theorems and the dual ity 
concepts of 1 inear programming are initially introduced. Two examples 
of plastic analysis arealscussed in detail in order to show the rela-
tionship between plastic analysis and 1 inear programming_ These two 
examples are also used to illustrate the method of collapse mechanisms 
and to present the minimum weight design problem. 
Chapter 3 starts with an introduction to graph theory and 
:network-topology. Then a definition of the matrices involved in plastic 
analysis is given and the network formulations are establ ished for the 
s impJe plast ic case, i.e., wi thout stress interaction. The network 
formulation is extended for the case of minimum weight design. 
Chapter 4 starts with a brief discussion of the yield surface 
and then proceeds to general ize the network formulation of the previous 
chapter so as to include the effect of stress interaction. The 
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general ized formulation of the minimum weight design probJem is also 
carried out. 
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In Chapter 5 the analysis problem is first reduced to a 1 inear 
programming problem. The relative size of the problems obtained through 
the appl ication of the mesh and node formulations is then compared, and 
a study of the constraints is carried out in order to discuss the 
appl ication of special ized procedures, e.g., ·the decomposition principle, 
to the solution of the problem. A description of the imp1ementation of 
the computer program is given. Finally, the appl ication of nonl inear 
programming in plastic analysis is considered. 
Chapter 6 presents several examples which emphasize the main 
points developed in this study, i.e., analysis and design problems using 
both the mesh and node formulations, and including the effect of stress 
interaction for different types of structures. 
Chapter 7 presents a summary of the conclusions reached in the 
study and some suggestions for further investigation. 
CHAPTER 2 
PLASTIC ANALYSIS AND LINEAR PROGRAMMING CONCEPTS 
In this chapter the plastic analysis theorems and some of the 
basic concepts of 1 inear programming are initially stated# Two examples 
which illustrate the relatibnship between plastic analysis and 1 inear 
programming are presented and discussed in detail. Finally, the use of 
collapse mechanisms and the minimum weight design problem are considered. 
2.1 Plastic Analysis Theorems 
In this section, the basic theorems of plastic analysis are 
summarized. These theorems were initially stated by Greenberg and 
Prager. (13) 
The load-carrying capacity of a rigid-plastic structure can 
be calculated by using either one of the two fundamental theorems of 
pla~tic analysis. Before stating these theorems it is necessary to make 
the following definitions. 
Definition I. A statically admissible state of stress is 
defined as follows: 
a) the stresses are in internal equil ibrium. 
b) the stresses are in equi 1 ibrium with the external loads" 
c) the yield 1 imit is not exceeded anywhere in the structure. 
Definition II. A kinematically admissible (or compatible) 
system of velocities is defined as follows: 
a) the system does not violate the kinematic constraints 
(support conditions) of the structure. 
b) the total external power is positive. 
The two fundamen ta 1 thea rems rna y nov! be s ta ted as fo 11 ows : 
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First Theorem (static theorem):: The load-carrying capacity nf 
a structure is the largest of all loads corresponding to statical1y 
admiss ible states of stress. 
Second Theorem (kinematic theorem): The load-carrying 
capaci ty of a structure is the smallest of all loads corresponding to 
kinematically admissible systems of velocities. 
Corollary. If there exists simultaneously a statical 1y 
admiss ible state of stress and a kinematical 1y admissible system of 
veloci ties, then the load appl led on the structure is equal to the load-
carrying capacity, as this load cannot be greater than the load-carrying 
capaci ty according to the static theorem and cannot be smaller than it 
according tn the kinematic theorem. 
2.2 0athematical Programming Prel iminaries 
Mathematical programming deals with the problem of maximizing 
(or minimizing) a function of one or several variables which must 
satisfy a series of functions cal led constraints. The function to be 
maximized is called the objective function. The typical mathematical 
programming problem can be formulated as follows: 
maximize f(x 1 , x~, ••. , X ) 
I... n 
subject to g i (x I ' x 2 ' e e G , X ) > 0 for == 1 , -0 0 • , u (2 • 1 ) n 
g i (xl' x2 ' • G • , X ) n < 0 for == u+l, • .0 • , v 
g i (xl' x2 ' .. II! tI , X ) == 0 for = v+l, ... , m n 
The simplest mathematical programming problem is obtained when 
the objective function and the constraints are 1 inear functions of the 
variables. The probiem is then called a 1 inear programming problem. 
All other types of mathematical programming problems are generally 
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classified as nonI inear. While the methods available for solving linear 
programming problems follow a fairly unified pattern which has been 
successfully automated, this is not the case for non1 inear programming 
problems. Many methods for solving non1 inear programming problems have 
been developed, but each one of them is in general appl icabJe only to 
certain types of problems presenting defined characteristics. (15) 
In this study, primary attention is given to the appl ication 
of 1 inear programming to rigid-plastic analysis and design. The 
appJ ication of non1 inear programming is briefly discussed in Section 
5.5. 
2.2.1 Linear Programming and Dual lty Concepts 
In this section the 1 inear programming problem is establ ished 
and the dual ity concepts which are essential for the present study are 
stated. 
The typical 1 inear programming problem is as fol lows: 
+ e •• + a x < b 
mn n - In 
Xl' ••• , X > 0 n -
(a) 
(b) 
(2.2) 
The values of the coefficients c 1, ••• , cn,a 11 , ••• , amn,b 1, 
•• 0, b are known, and the problem consists of finding a set of non-
n 
negative values for the variabies Xl' .e., xn which maximize the 
objective function (a) and at the same time fulfill the constraints (b). 
Any set of variables which satisfy the constraints is cal led a feasible 
solution. The feasible solution which maximizes the objective function 
is called ,the optimal solution. 
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The p ro b 1 em rep res e n ted byE q • (2. 2 ) can be cas tin rna t r j x 
form as fo Ilows: 
maximize ex 
subj ec t to AX ~ B (2.3) 
In which e 
X > ° 
:::;: [c 1c2 ... c ] n 
a i i 
A :::;: 
a 
ml 
cl n 
X 
a 
mn 
xl 
x 
n 
and B :::;: 
b 
m 
Problem (2.3) is cal Jed the primal 1 inear programming 
problem. Corresponding to this formulation there exists another 
related 1 inear programming problem, called the dual, the formulation 
of which is as follows: 
.. , Btu minimize \"t 
1,4,2:0 
In wmich C, A and B are the matrices defined above for the primal 
problem, and Wt ::; [wi' e • ., W
m
] is a vector of dual variables .. 
It is to be noted that problems (203) and (2.4) are mutually 
dua' !I i. e., e i the r one of them can be cons i de red as the pr ima 1 and the 
other as the dual. 
The following fundamental properties of dual 1 inear program-
. bi f' J • • h' d (.14) mlng pro ems are 0 speCIe Interest In t IS stu y: 
(i) If X is a feasible solution to the pr imal and W is a 
feasible so 1 uti on to the dua 1 , t then ex $. B W. 
(i i) If X is a feasible solution to the pr ima 1 and 1,4 is a 
feas i b 1 e solution to the dual such ... t-that ex = B 1,4, then X is an op t i rna 1 
solution to the primal and W is an optimal solution to the dual. 
(i i i) If one of the two problems has an optimal solution, 
then the other also has an optimal solution and the maximum of CX is 
equal to the minimum of stW. 
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(iv) If the ith constraint in the primal is an equal ity then 
the ith dual variable is unrestricted in sign and if the jth variable 
in the primal is unrestricted in sign the jth constraint in the dual 
wi 11 be a strict equal ity. 
(v) If the ith constraint in the primal is fulfilled as 
strict inequal ity in an optimal solution then the ith dual variable is 
zero in an optimal solution to the dual. If the jth variable appears in 
an optimal sO'lution to the pri:nal then the jth dual constraint holds as 
a strict equality in the optimal solution for the dual (principle of 
complementary slackness). 
well as some other properties of dual problems have been widely 
described in the 1 i terature. (7~ 14) 
2.3 Use of Mathematical Programming in Plastic Analysis 
In the following sections two examples of the calculation of 
the load-carrying capacity of a structure will be presented by applying 
the theorems of plastic analysis through a mathematical programming 
formulation (linear for the present cases). The purpose of these 
examples is to establ ish a complete relationshp between the concepts of 
plastic analysis and 1 inear programminge 
2.3.1 Example 1: System of Coll inear Springs 
As a first illustration of the relationship between 1 inear 
12 
programming and the plastic analysis theorems, a system of colJ inear 
springs is considered. This is an ideal ized system in which all the 
members (rigid-plastic springs or bars) are colI inear. Thus only axial 
forces are involved and no shear forces or couples have to be con= 
side red. 
The system shown in Fig. 2.1 was discussed by prager(3 2) as 
an illustration of the relationship between plastic analysis and network 
flows.. Jo i n t is the support of the· structure. The bars and the 
corresponding plastic capacities (yieJd points for the present problem) 
are as follows: 
Bar 
1-2 
2-3 
1"'3 
Plastic Capacity 
P12 
'P23 
P13 
In this example, the static theorem will first be used to formulate the 
analysis as a 1 inear programming probiem of maximizing the external 
load F under a set of constraints specifying admissible states of stress. 
If the bar forces are denoted by Px12' Px13' and P
x23 ' then 
the 1 inear programming formulation becomes: 
maximize F 1- \ V:J/ 
subject to F - Px13 .. Px23 = 0 (b) 
Px23 ... Px12 = 0 (c) 
Px12 $: P12 Cd) (2.5) 
-Px12 ~ P12 (e) 
Px13~P13 (f) 
-Px13 s: Pl3 (9) 
(h) 
( i ) 
1 3 
Px23 ~ P23 
·Px23 :s;; P23 (2.5) 
F 2: 0 U) 
Px12' Px13' Px23 unrestricted (k) 
in sign 
In the above formulation: 
(i) (a) represents the appl ied load to be maximized. 
(i i) (b) and (c) represent the equi 1 ibrium equations at 
joints 3 and 2, respectivelyo 
(iii) (d), (e), (f), (g), (h) and (i) specify that the bar 
forces must not exceed the plastic capacities. 
(iv) U) and (k) specify the signs of the unknown variables. 
The solution yields the value of the 10ad-carryin9 capacity, 
F, as well as the corresponding values of the bar forces. Through this 
formulation the load carrying capacity is obtained as the least upper 
bound of all loads corresponding to admissible states of stress. 
The kinematic theorem can also be used to formulate the 
analysis as a 1 inear programming problem of minimizing the external load 
which acts on kinematically admissible systems of velocities. By giving 
a unit velocity to the 10aded joint Ooint 3), a set of consttaints for 
compatible velocities can be establ ished. This is done by requiring 
that the velocities of the two chains 1-2-3 and 1-3i which transmit the 
load to the support, be at least equal to the velocity of the loaded 
joint. It is also neces~ary to establ ish a compatibil ity equation 
between the ve 1 oc it i es of the two cha i n's -by spec i fy i n9 the' con t i nu j ty of 
velocities in the mesh 1-3, 3-2, 2-1. Thus, the minimization of the 
applied load is equivalent to the minimization of the external power, 
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since the velocity of the loaded joint has been set equal to one. By 
equating external and internal power, it is also equivalent to the 
minimization of the power dissipated in the barso 
If w12 ' w23 ,. and w13 denote the velocities of extension at 
yielding of the bars, then the 1 inear programming formulation of the 
kinematic theorem becomes: 
minimize Pl2w12 + P1..,w 1.., + P23w23 (a) j ) 
subject to w 12 + w23 ~ 1 (b) (2.6) 
w13 = w12 -w23 0 (c) 
\;.,1 12' w13 ' w2J ~ 0 (d) 
In the above formulation, (b) and (c) define a kinematically admissible 
system of velocities. 
The solution provides an immediate answer for the load-carrying 
capacity of the structure, F, i.e.: 
F :;;; (2.7) 
in which wJ2 ' w13 and w23 are the values of the variables given by the 
optimai solution to Eq. (2.6). It can be seen that bv using this 
formulation the load-carrying capacity is obtained as the greatest lower 
bound of all loads corresponding to kinematically admissible systems of 
velocities. 
From the above two formulations, it can be seen that by using 
the static theorem the load-carrying capacity is obtained as the least 
upper bound of all loads corresponding to admissible states or stress, 
and that by! using the kinematic theorem this load is obtained as the 
3 reates t 1 O\'/e r bound of all ] oads co r respond i ng to k i nemat i ca 11 y 
admissible systems of velocities. Furthermore, in the first formulation 
there exists a set of equil ibrium constraints while in the second 
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formulation the constraints represent compatibil ity conditions. It 
therefore appears obvious that the two formulations are dual in the sense 
of mathematical programming. That this is indeed the case is confirmed 
by writing the dual 1 inear programming problem of the formulation corres-
ponding to the first theorem, i.e., Eq. (2.5). The dual problem is: 
subject to w3 > 1 
"'w., + w!., - W
'
, '., = 0 
) I) I) 
... w + w2 + w~3 - Wi' == 0 3 23 (2.8) 
-w + Wi co wI! == 0 2 J2 12 
I If I II I' If 0 
w12 , w12 , w13 ' w13 ' w23' w23 ~ 
w2, w3 unrestricted in sign. 
The new variables w2 and w3 will be interpreted below. Also, two 
variables appear per bar, representing the two possible non-negative 
velocities of yielding. This is due to the fact that the dual 
formulation is completely general, and contemplates the possibll ity of 
bars yielding in tension as well as in compression. Since for the 
loading shown the bars cannot yield in compression, it is possible to 
wr i te: 
w" == Wi f == w" == 0 12 13 23 (2.9) 
and Eq. (2.8) become: 
subject to w3 2: 1 
"'w 3 + wI3 == 0 
-w + w2 + w23 = 0 3 (2. 10) 
-w2 + Wi == 0 12 
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wz, w3 unrestricted in sign (2. 10) 
The last two constraints define w2 and w3 as the velocities of joints 2 
and 3, respectively. Substituting these values into the first two 
constraints reduces the formulation to: 
minimize PIZw 12 + P13w13 + P23w23 
subject to wi2 + w~3 > 1 
-Wi "'w I + w: 3 = 0 12 23 l 
w1 2 ' wi3' w23 ~ 0 
(2. 11) 
The formulation of Eq. (2.11) is identical to the one given by Eq. (2.6), 
with the obv ious change in nam i ng the va r i ab 1 es 0 Thus, it has been shown 
that the appl ication of the first and second theorems of limit analysis 
yield problems which are dual in the sense of mathematical programming. 
This fact was first shown by Charnes and Greenberg. (6) 
It can also be seen that for any reasonable values of the 
plastic capacities of the bars, the solution to the problem formulated in 
Eq. (2.5) wii; suppiy a value of F that is larger than zero. By using the 
principle of complementary slackness of J Inear programming, it can be 
concluded that the first constraint of the duaJ formulation is fulfilled 
as a strict equal fty and therefore the velocities of extension at yielding 
of bars 1-2 and 2-3, and thus the velocity of bar 1-3, will be equal to 
the velocity of the loaded jointo This fact could have been easi1y pre-
dicted purely by compatibil ity considerations. 
It should be noted that whereas the static' theorem was for-
mulated in terms of joint (nodal) equilibrium equations, the kinematic 
theorem was estabJ ished in terms of mesh continuity equations. The 
relationship between these two approaches will be discussed in Chapter 3, 
after a network notation is introduced. 
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233.2 Example 2: Planar Frame 
As an additional j 11ustration of the mathematical dual ity of 
the two formulations, a planar frame subject to proportional loading will 
be discussed in this section. The load-carrying capacity will be first 
obtained by applying the static theorem. Thereafter the dual of the 
initial formulation will be written and it will be shown that the 
formulation so obtained is a direct statement of the kinematic theorem. 
Consider the frame represent~d in Fig. 2.2(a), subject to the 
indicated loading in which the parameter a is a constant that defines the 
ratio between the horizontal and vertical external loads. For simpl icity, 
it is assumed that the bending moment is the only stress component which 
enters into the definition of yielding at a given cross-section. For 
this particular problem there are five potential hinge locations as 
indicated by the numbers 1 to 5 in figo 2.2(a). 
In order to avoid the probJem of determining which one of the 
members meeting at a joint will contain the plastic hinge, it is assumed 
that the plastic moment capacity of the beam as well as that of the upper 
half of the columns is m2, and that of the lower half of the columns is 
mI" Since the structure is indeterminate to the third degree~ a complete 
release at the member end located just below hinge location 5 is intro-
duced (see Fig. 2.2 (b )).. I f the two redundan t fo rces and the redundan t 
bending moment are denoted by pI, pI and ml as in the figure, then the 
x y z 
1 inear programming formulation corresponding to th~ static theorem is as 
follows: 
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maximize F 
subJ"ect to (ah + £/2)F - £ps - m' < m y z - 1 
1/2F - hp· - £p! - ml < m x y z ..... 2 
_hpl - il2p~ - ml < m 
x y z ..... 2 
-hp~ - m~ ~ m2 (2. 12) 
-m~ :;;: mj 
-(ah+tI2)F + lp~ + m~ S m, 
-112F + hp' + £pl + ml ~ m2 x y ,z 
hp' + £/2pl + m' < m2 x y z -
hp' + rn l ~ m2 x z 
m~ ~ m) 
F 2: 0 
pi, pi, m
' 
unrestricted in sign 
-x-- Y- -z 
The problem calls for the maximization of the reference load FQ 
The two groups of five constraints in Eq. (2012) specify that the absolute 
value of the moment at the five potential hinge locations does not exceed 
the plastic capacity. According to the static theorem any load which 
satisfies the constraints corresponds to an admissible state of stress and 
the largest of all these loads is the load-carrying capacity of the 
structure. The solution gives this load as well as the values of the 
redundan ts .. 
In order to be able to study the problem from the point of view 
of the kinematic theorem the dual of the probiem formulated in Eq. (2. i2) 
is discussed in the following. The new problem is as follows: 
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minimize m1 (wI + Ws + w6 + wIO) + m2 (w2 + w3 + w4 + w7 + w8 + w9) 
subject to 
-Wl-W2-W3-W4-w5 + w6 + w7 + wa + w9 + wlO 
w1' ••• , WID 2 0 
= 0 
(2. 13) 
The problem calls for the minimization of the internal power dissipated at 
the hinges subjected to two types of constraints, as follows: 
(i) the first constraint is a compatibil ity condition corres'" 
ponding to a unit velocity given to the general ized external force. Since, 
_i_~_<]enera]_, F wi 1 1 be gfeater ~han z~ro in t~e_o?~_imal solution to the 
primal problem, this constraint will be fulfilled as a strict equal ity 
according to the principle of complementary slackness. This constraint 
g ua ran tees tha t the ~ .. JO rk of the ex te rna J fo rees is pas it i ve ~ 
(ii) the last three constraints are statements of the fact that 
the resultant velocities at the re1eases should vanish. That is to say, 
the final vertical, horizontal and angular velocities at the point where 
the releases were introduced must be equal to zero. 
It is interesting to note that in the optimal solution to Eq. 
(2.13) only one of the pairs of velocities (w
J
-w6), (W2-w7), (W3""W8), 
(w4-w9) and (wS-w lO ) can appear in the bas is since ,the corresponding 
vectors are linearly dependent, i.e., if WI is in the optimal bas is it 
precludes the existence of w6 in the same basis. This is physically 
obvious since Wi and wi+S (i=1, ••• , 5) correspond to the rotation at hinge 
location i and the appearance of either Wj or wi+5 in the solution only 
indicates the direction of the rotation. Thus, if w. appears in the 
I 
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solution then compression is produced on the inside face of the hinge and 
if wi+5 appears in the solution then tension is produced on the same side. 
The solution yields the minimum of the dissipated power 
corresponding to kinematically admissible velocities, since the velocity 
associated with the general ized load has been assumed to be equal to one. 
The solution also gives the values of the load-carrying capacity 
(maximum value of the reference load F) according to the equal ity of 
internal and external power. Hence the prob1em calls for the minimization 
of the general ized reference load corresponding to kinematically 
admissible systems of velocities and is therefore a restatement of the 
kinematic theorem. 
2.4 Use of Collapse Mechanisms 
A method often used for the ca1culation of the load-carrying 
capacity of a structure consists of setting up the set of possible 
collapse mechanisms and estabJ ishing for each mechanism an equation of 
conservation of power. (19) Each collapse mechanism suppl ies a value 
for the load-carrying capacity and, according to the kinematic theorem, 
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obtained. 
In order to illustrate this method, the two examples used in 
the previous section will be considered again. 
2.4. 1 Examp 1 e I: Sys tem of Co J 1 i near Spr i ngs 
The system represented in Fig. 2.1 has three bars and one degree 
of indeterminacy. Therefore, there should exist two independent equi 1 ibrium 
equations between the bar forces or, equivalently, two basic collapse 
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mechanisms. These mechanisms are represented in Fig. 2.3. 
For mechanism 1, it is possible to write the following power 
equation (see Fig- 2.3 (a)): 
Fle
l ~ P23 el + P13 e' (2. 14) 
in which F) represents the load-carrying capacity as given by this 
mechanism, e' the veJocity of collapse, and P23 and PI3 are the plastic 
capacities as defined in Section 2.3. L Equation (2.14) suppl ies the 
following value for F1 : 
F] ::: P~3 + P13 (2.15) 
Sif~lilarly, the power equation for mechanism 2 is given by (see Fig. 2.3(b)): 
F2e'\ '0" P12eli -1- r13e" (2.1() 
In which the quantities are defined similarly as in the case of mechanism 
1. Equation (2. Ie) reduces to 
(2. J 7) 
In Eqs. (2.1L~) and (2. ]6), e' and e'l can be cons idered as 
displacements or as velocities by' imagining the collapse of the structure 
taking place during a unit of time. 
The actual load-carrying capacity F of the structure is given 
by 
F == min I.... 1 Q \ \L.. I UJ 
The solution yields the value of the load-carrying capacity, 
F, and also gives the controll ing mechanism. 
2.4.2 Example 2: Planar Frame 
The two basic mechanisms and the one possible combined' 
mechanism for the frame represented in Fig. 2.2 are shown in Fig. 2.4. 
For mechanism 1 (Fig. 2.4(a):) the power equation is: 
(2. 19) 
and the load suppl ied by this mechanism is 
Mechanism 2 (Fig. 2.4(b)) yields the following power equation 
and a va1ue of the load 
F 2 = 8m2/.e 
Mechanism 3 (Fig. 2.4(c)) yields the following·power equation 
(ah+212)F3 = 2m] + 4m2 
and a value of the load 
(2m j +4m2 ) 
F3 = (ah+112) 
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(2,,20) 
(2" 2 i) 
(2.22 ) 
(2.23 ) 
(2.24 ) 
According to the kinematic theorem the' load-carrying capacity F is given 
by 
(2.25) 
By considering the two examples presented above, it could be 
argued that the use of collapse mechanisms is a much faster and sJmpJer 
method for the calculation of the load-carrying capacity of a structure 
than the appJ ication of 1 inear programming. This is only true for very 
simple structures. As will be seen later the enumeration of the basic and 
combined mechanisms is for complex structures a very difficult task 
presenting serious drawbacks for computer implementation. On the other 
hand, the 1 inear programming formulation can be readi Iy systematized. 
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2~5 Minimum Weight Design 
While the classical methods of analysis and design of elastic 
structures follow different patterns, in the case of rigid-plastic 
structures the methods considered in the previous sections for analysis 
can also be appl ied for design with only a s1 ight change in the 
formulation. Since an objective function has to be defined in order to be 
able to handle the problem as a mathematical programming problem, it is 
convenient to choose the weight of the structure as the design objective 
function to be minimized. Furthermore, the weight of a structural member 
per unit of length is a function of the plastic capacity of the member. 
As a first approximation, this function can be assumed to be 1 inear. (22) 
The two problems of analysis and design of rigid-plastic structures follow 
to a certain extent a reverse pattern. While in the case of analysis 
the p]astic capacities of the structural members are assumed as known and 
it is required to calculate the load-carrying capacity, in the case of 
design the system of loads is completely specified and it is required to 
assign plastic capacities to the members in such a way that the structure 
will safely carry the loads and at the same time furnish a minimum weight. 
The two structures considered in the preceding sections wiii 
again be considered, but in this case the externa1 'loads are considered 
to be known and the structure is to be designed fOi minimum weight. 
2.5.1 Example 1,: System of CoIl inear Springs 
In the structure represented in Fig. 2. 1~ the value of the 
app1 ied load F is known and it is required to determine the plastic 
capacities of the bars, i.e., the values P12' P23 and P13' which give a 
minimum weight for the structure when the weight of each bar per unit of 
length is assumed to be proportional to its plastic capacity. 
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By applying the static theorem and establ ishing the con-
straints in a manner similar to that done in Section 2.3.1, the minimum 
weight design problem can be formulated as follows: 
m j n i m i z e .Pt 1 2 P 1 2 + i J3 P13 + i 23 P23 
subject to Px13 + Px23 :::; 
-Px23 + Px12 
:::; 
Pl2 - P)C12 2:0 
P12 + PxJ2 ~ 0 
P13 "" Px13 ~O 
PI3 + Px13 ~ 0 
Pi3 -Px23 2: 0 
P23 + Px23 ~ 0 
F 
0 
Px12' Px13' Px23 unrestricted in sign 
(2.26) 
In this formulation £;2' e23 , £13 are the known lengths of the bars, F 
the known external load, P12' P23' PJ3 the unknown plastic capacities 
of the bars and Px 12' Px13' Px23 the bar forces. The solution yields the 
plastic capacities of the bars which furnish a minimum weight for the 
structure. 
The dual prob 1 em of Eq .. (2.26 ) is: 
maximize FW3 
subj ect to w3 - w .. Wi + w" :::; 0 2 23 23 
w2 
... Wi + wf ' :::; 0 12 12 
w3 CD Wi + wll'3 :::; 0 13 
w12 + w','2 ~ £12 
(2.27) 
wI3 + wY3 S £T3 
w23 + w23 ~ £23 
w2' w, unrestricted in sign J 
I 11 I W'l I W'l 0 
w12 ' w12 ' wI3 ' 13' w23 ' 23 > 
25 
(2 .27) 
In the same manner as was done in Section 2.3.1, it is. possible to set 
w'l:2' w'113' w23 ell 11 equa 1 to zero and to subs t i tute Wz and w3 as given by 
the second and third equal ity constraints into the first equal ity 
constraints. The formulation reduces to: 
•• F I + F J maXimize w12 w23 
subject to w12 ~ £12 
w23 ~ £23 
w13 ~ £13 (2.28) 
This formulation calls for the determination of a set of compatible 
velocities subject to the constraints w •. < l .. and which maximize the IJ - IJ 
externa 1 power. For this case the soiution is trivial, i.e., w12 
= IJ 
.(.112' 
W13 ~ £13' w23 = £23' and the problem does not deserve further dis-
cuss ion. 
2.5.2 Example 2: Planar Frame 
In the frame represented in Fig. 2.2 the appl ied external loads 
are assumed to be specified and it is required to assign plastic moment 
capacities to the members in such a manner that the weight of the 
structure is minimum. 
It is to be recalled from Section 2.3.2 that h is the member 
length ass9clated with m1 and h+t the member length associated with m2• 
The unknown plastic moment capacities m1 and m2 are to be determined in 
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such a way that the weight of the structure is minimum. The static 
theorem can be appl ied to the solution of the minimum weight design 
problem as follows: 
minimize m1 (h/2+h/2) + m2 (h/2+h/2+£) 
subj ec t to m1 + .epl + m' > (ah+~/2)F y z -
m2 + hp' + x .epl + m
l > 112F Y z -
m2 + hpJ + 1J20' + m' > ° x ._- -, yz 
m2 + hp' + m' x z ,2:0 
m1 + m' >0 z -
m
J 
... .ep' 
- m' > -(ah+tI2)F (2:29) y z -
m2 
... hpj 
- £p' ... ml > -£/2F 
x y z -
m2 - hpj ... £/2p' - m' > ° x y z -
m2 ... hp' ... m
B 
,2:0 x z 
rn] ... m' > ° z -
m) , m2 .? 0 
I I rn l unrestricted in sign px' Py' z 
The constraints are the same as in Eq. (2.12), i.e., they specify that 
the plastic capacity must not be exceeded at any potential hinge 
iocation. The solution to the problem yields the plastic capacities 
which minimize the weight of the structure. 
The dual of the problem given by Eq. (2.29) is as follows: 
maximize (ah+£/2)Fw J + £12Fw2 - (ah+£/2)Fw6 - £/2Fw7 
subject to WI + Ws + w6 + w10 ~ h 
W#\ + W., + w,. + w'"7 + wQ + wn S h+£ 
I:. ;) "T I v :; . 
hW2 + hW3 + hW4 ... hw7 -hw8 - hw9 = 0 
£w 1 + tW2 + tl2w3 - £w6 - lW7 -£/2w8 = 0 
(2.30) 
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W1 + w2 + w3 + WLt + W5 ... W6 - W7 ... W8 ... W9 - WJ 0 = 0 
(2 e 30) 
The problem calls for the maximization of the external power corres-
ponding to kinematically admissible systems of velocities. The values 
of WI' .e., WID have the same meaning as in the case of analysis. 
2.5.3 yse of Collapse Mechanisms for Minimum Weight Design 
As a final demonstration of the relatIonship existing between 
the concepts already discussed, the problem of minimum weight design 
will be treated by considering the possible collapse mechanisms for the 
two structures studied above. 
For the colI inear system of Fig. 2.1 consider the collapse 
mechanisms of Fig. 2.3. The static theorem can be appl ied to minimize 
the weight of the structure under a set of constraints specifying 
admissible states of stress. The problem becomes 
minimize £lZ P12 + £Z3 P23 + £13 P13 
subject to P23 + P13 ~ F 
P12 + P13 ~ F 
PIZ' P13' P23 > 0 
Note that the first two constraints correspond to the two possible 
(2. 3 I ) 
collapse mechanisms. The solution to this problem yields the plastic 
capacities of the bars, i.e., PIZ ' P13 and PZ3 which minimize the weight 
of the structure. 
If, in Eq. (2.26) the first two equality constraints are sub-
stituted into the inequal ity constraints and the constraints defining 
yield restrictions for the case of compression in the bars are neglected, 
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then the system given by Eq. (2026) reduces to that given by Eqa (2.31). 
Thus the equivalence of the two formulations is establ ished. Now if the 
two primal problems are equivalent then it is obvious that the two dual 
problems will also be equivalent. Accordingly, the dual of Eq. (2.31) 
will not be discussed. 
For th~ frame represented in Fig. 2.2 the mechanism of Fig. 
2.4 furnish the following minimum weight design problem; 
minimize hm} + (n+t)m2 
subject to 2m 1 + 2m2 ~ ahF 
4m2 ~ £/2F 
2m 1 + 4m2 2:: (ah+.212) F 
(2.32) 
The solution yields the values of the plastic moment capacities m1 and 
m2 which minimize the weight of ·the structure. 
In order to compare the 1 inear programming formulation 
establ ished by direct appl ication of the plastic analysis theorems 
with the present formulation as given by Eq. (2.32), it is more can'" 
venient to compare the dual formulations. It is obvious that if the 
dual formulations are equivalent then the primal formulations wi 11 also 
be equivalent. The dual of Eq. (2.32) is: 
maximize ahFw l + £/2Fw2 + (ah+£/2) Fw) 
subj ec t to 2w' + 2w' ~ h 1 3 (2.33) 
2w' 1 + 4w' + 4w' 2 3 ~ h+.£ 
I I Wi :> 0 WI' w2' 3 -
It will now be shown that Eq. (2.33) are equivalent to Eq. (2.30). 
Note first that inEq. (2.30) no Rprticular modes of collapse were 
29 
assumed and hence the formulation is completely general. That is to say, 
after examining the collapse mechanisms of Fig. 2.4, it can be con-
eluded that the velocities w6 ' wJ ' Wg and Ws of Eq. (2.30) have to vanish 
in the solution \'Jhich corresponds to this loading. This is clear since 
for none of the modes of collapse do the follovvin~J conditions exist: 
(i) Tension on the inner face at hinne location 1 (w6 0); 
(ii) Compression on the inner face at hinge location 3 
(W3 ~ 0); 
(iii) Tension on the inner face at hinge location 4 (wg 0); 
and 
(iv) Compression on the inner face at hinge location S 
(WS = 0). 
After these remarks, Eq. (2.30) reduce to: 
g 
maximize (ah+lI2)Fw 1 + .g12Fw2 - 2 FW7 
subject to wI + w10 ~ h 
w2 + w4 + w7 + Ws ~ h+£ 
~w2 + hW4 - hW7 - hWa = 0 
£w 1 + £w2 - £w7 - f wa = 0 
w1 + w2 + w4 - w7 - wa - wIO 
w1' w2' w4, w7' wS' w10 ~ 0 
= 0 
(2.34 ) 
This formulation can be further simpJ ified by using the three equal ity 
constraints to obtain w4' wa and w10 in terms of wI' w2 and w70 A 
simple substitution yields: 
WLt = 2w 1 + W2 .. W 7 
wa = 2w1 + 2w2 .. 2w 7 
wIO = w1 
(2035 ) 
Using Eq« (2.35) the problem represented by Eq. (2.34) reduces to 
By setting 
max im i ze (ah+£/2) Fw 1 + .e12Fw2 .- .e12Fw7 
subject to 2w 1 ~ h 
4wl + 4w2 - 2w7 ~ h+£ 
w, J w2 ' w7 ~ 0 
W1 
= Wi 
1 + W' 3 
w2 = w' 2 
w7 
::: Wi 
1 
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(2.36 ) 
(2 .37) 
Equation (2 .. 36) reduce to Eq. (2.33). Thus the equivalence between the 
formulation corresponding to the appl ication of the plastic analysis 
theorems and that of the collapse mechanisms has also been shown. 
CHAPTER 3 
THE NETWORK FORMULATION 
In this chapter the concepts of network topology, which arise 
from the mathematical theory of graphs, will be util ized for the 
formulation of the analysis and design of rigid-plastic structures. 
The formulations to be presented are based on the plastic analysis 
theorems and mathematical programming concepts developed in the previous 
chap ter. 
3.1 Summary of Linear Graph Theory 
The theory of graphs, which is a branch of topology, has 
recently found wide appl ication in many areas of science and technology. 
The concepts of graph theory which are relevant to this study(S) are 
summarized in this section. 
A 1 inear graph is a non-empty set, of po iots cal Jed nodes, 
.............. -.. 
a set, E, of Jines called branches and a mapping,., of E into V&V. 
For each branch of E the associated two nodes of V are said to be incident 
with the branch and the branch is said to be incident with each one of 
the nodes. A sequence of connected branches and nodes of a graph is 
called a circuit or a mesh. A tree is a graph without circuits and 
therefore there exists one and only one path between any two nodes of a 
tree. For any graph it is always possible to remove a certain number of 
branches (possibly zero) from it in such a manner. that the remaining 
graph is a tree. The removed branches are called 1 inks. Each J ink 
determine~ a circuit in the graph. 
3 , 
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The basic structure of a graph is defined by the manner in 
which the branches and nodes are connected and is characterized by the 
trees and circuits existing in the graph. These properties are con-
veniently described by a series of matrices called topological matrices. 
In some cases, as in structural analysis, it is convenient 
to ass ign an orientation to the branches of a graph. This can be 
accomp) ished by defining one of the nodes incident with a branch as 
the positive node and the other as the negative node. The orientation 
of a branch is assumed to be from the positive to the negative node. 
Furthermore, one of the nodes of the graph is usually des ignated as 
the da tum node. 
Consider an oriented graph having n nodes, b branches and m 
J inks. These three quantitites are related by the Euler-Poincare 
re 1 at ion: 
b :::: m+n-l (3. 1 ) 
The topological matrices are defined as follows: 
a) Branch-Node Incidence Matrix A. This is a b by (n-1) 
matrix defining the connectiveness of the branches and non-datum nodes. 
The typical element aU is (+1, ... I! 0) depending on whether branch i 
is (positively, negatively, not) incident with node j. 
b) Node-to-Datum-Path Matrix Br" It is usually convenient to 
select a tree from a given graph. The matrix 8T is a square matrix· of 
order n-1 and the typical element b ik is (+1, -1, 0) depending on 
whether branch i Is (positively, negatively, not) included on the unique 
path going from node k to the datum node. 
c) Branch-Circuit Matrix C. This is a b by m matrix Iden-
tifying the circuits in the graph. The orientation of each circuit is 
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defined by the orientation of the associated J ink. The typical element 
c. is (+1, -1, 0) depending on whether branch i is (positively, 
i r 
negatively, not) included in circuit r. 
A network is a 1 inear graph in which algebraic variables 
describing the behavior of the elements of the graph are associated 
with the branches and nodes of the graph. 
3.2 Graph Theory in Structural Anaiysis 
Any skeletal structure can be represented by a 1 inear graph 
by associating a branch of the 9r~ with each member of the structure 
and a node of the graph with each joint of the structure. However, with 
the exception of coIl inear structures (systems in which the forces and 
displacements can only occur along a unique direction and which are, in 
general, of no practical interest)" the elements of the topological 
matrices have to be redefined in order to be useful for the represen-
tat ion of the static and kinematic relationships which arise in 
structural analysis. 
In general, a structural member is subjected to end actions as 
well as external loads located along the member. A typical member i of 
at structure is represented in Fig. 3 .. 1 (a).. The member ends are denoted 
byA and B and the orientation is ~ssuj'f'ted to 1...- c ............. ! ..... =_+- A ~ ... fAt ..... ~ ue I 'VIII JV III\, ,., LV JVIIII. "". 
The vectors RAi and Ra i represent the actions exerted by the 
res t of the structure on the member ends and the vectors PJ and PI( 
represent concentrated loads at points J and K. Each one of these 
vectors consists, in general, of six components which can be described 
by three forces along three orthogonal axes and three moments about 
these axes •. The action RI that one side of the member exerts on the 
other s ide (for example, the segment 18 on the segment AI in Fig. 3.1 (b) 
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can also be represented by a vector of the type described above. 
For a typical section at point I in Fig. 3.1 (b), Rr can be 
wr i tten as 
Px 
Py 
Ry 
Pz (3.2) == 
l:;J 
.& 
where p , p , p , m , m ,m represent the action components in the given 
x y z x y z 
order. These forces are defined in a member coordinate system, as shown 
in Fig. 3.1 (a), in which the x axis coincides with the centroidal axis 
of the member and the y and z axes coincide with the principal axes of 
inertia of the cross-section. 
Since a given structural member may follow any orientation in 
space, it is necessary to define a global system of coordinates so that 
the static and kinematic relationships for the entire structure can be 
defined with respect to a unique reference system. Thus, the forces and 
distortions of a member defined in member coordinates have to be trans-
formed into global coordinates when the equil ibrium or compatibil ity of 
the structure is considered. These transformations may be carried out 
through rotation and translation matrices defining the relationships 
between member and global coordinates at different points of the 
structure. The specific nature of these matrices ha.ve been presented 
1 L.._ (16,21 ) e sewlilCre. 
Consider a structure having b members, n l free joints and m 
redundant members. For the structures considered in this study, the 
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number of force and distortion vector components in local and global 
coordinates is the same, and is denoted by f. 
For the purpose of representing structural analysis as at 
network problem it is necessary to define the following quantities: 
a) Let the vector of externally applied loads, expressed in 
global coordinates, be denoted by pl. pi is a vector containing n l 
subvectors of order f, each subvector corresponding to a free joint. 
b) let the vector of unknown .redundant forces at the releases, 
taken at the negative ends of the redundant members and expressed in 
global coordinates, be denoted by p'. pi is a vector containing m sub-
vectors of order f. 
c) let the actions at the negative ends of all member$, 
expressed in member coordinates be denoted by R. R is a vector con-
taining b subvectors of order f. 
d) let the elements of the matrix ST be redefined as follows: 
the typical submatrix 'Sr of ST is (-A~H~k' A~H!k' 0) depending on 
i k I I I I 
whether the negative end of member i is (positively, negatively, not) 
included in the unique path from node k to the datum node. The matrix 
Hik is a translation matrix representing the effect of the load vector 
Pk at joint,~ expressed in global coordinates, on the action vector 
at the negative end of member i, expressed in global coordinates. Hik 
is a square~trix of order f. The matrix A. transforms the force 
I 
vector at the negative end of member i from member to globai coordinates. 
Thus A. is a rotation m~trix of order f. 
I 
e) let the matrix B be defined as 
B == [~T.l 
oj 
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in which 0 is a null matrix having as many rows as there are redundant 
forces in the structuree 
f) let the elements of the matrix C be redefined as foJ1ows: 
the typical sub-matrix C. of C is (A:H! , -A:H! , 0) depending on 
Dr I I S I IS 
whether member i is (positively, negatively, not) included in the 
circuit defined by the rth 1 ink. In the definition of H! ,sis the 
IS 
joint incident with the negative end of 1 ink r. 
g) let the elements of the matrix A be redefined as follows: 
the typical submatrix A .. of A is (A~, -H~A:J 0) depending on whether 
IJ I I I 
member i is (negatively, positively, not) incident with joint j. The 
matrix Hi is the matrix transferring the force RB.from the negative to 
D, 
the pos itive end of member i, both in member coordinates. H. is a 
I 
matrix of order f." 
Based upon the previous definitions, it is seen that the 
equil ibrium requirements for the structure can be written as: 
(3.4) 
Equation (3.4) states that the total member forces are equal 
to the sum of the forces in the statically determinate primary 
structure plus the forces due to the fedundants at the releases. 
Al ternat ive1 y, the equ i1 ibrium requ i rements for the structure 
can be written as 
(305) 
Equation (3.5) states that the sum of the forces at the joints of the 
structure is equal to zero. 
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3.3 Network-Topological Formulation of the Static Theorem 
It is assumed in this study that yield hinges can only form 
at member ends. Thus it is necessary to restrict the loads to con-
centrated loads and to insert fictitious joints at those points where 
concentrated loads are acting along a member. Let RI denote the 
vector of forces at each member end in the structure. R' can be 
written as 
R I ,= fiR ( 3 • 6 ) 
in which n is a diagonal matrix of submatrices n .. The typical element 
I 
R! of R 'is: 
I 
B ys tat i c s, R A i is 9 i ve n by: 
RAi 
R~ can therefore be written as: 
I 
R~ = I 
Hence the typical submatrix n. 
I 
n. 
I 
= H.RS· I I 
[~.] RBi 
of n is given 
=G] 
(3. 7) 
(3.8) 
(3.9) 
by: 
0.10) 
In the examples presented in Chapter 2 it was'assumed that the 
definition of yieldin~ at a given section of a structural member depends 
only on one of the components of the stress vector acting on the 
section, i.e., axial force for call inear structures or bending moment 
for framed structures. On the other hand, the vector R' includes all 
stress components. Thus, it is required to select the components 
defining yielding out of the vector R'. This selection can be 
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represented as the premultipl ication of the vector R' by an extractor 
matrix~. Then a vector R', which includes only the components of 
interest, is defined as: 
O.lJ) 
The vector of plastic capacities (i.e., yield points for coIl inear 
structures or fully-plastic moment for rigid frames) is denoted by M • p 
M is a vector of the same order as RI. 
P 
The definitions in this and the pr~ceding section provide a11 
the necessary preliminaries for the network-topological formulation of 
rigid-plastic analysis and design. 
It is further assumed in this study that only proport ionaJ 
loads act on the structure, i.e., that each element of pi is proportional 
to the reference load F. Thus, the vector pi can be written as a vector 
of constants P' times the scalar reference load F. 
It was seen in Chapter 2 that the calculation of the 1oad-
carrying capacity of a rigid-plastic structure can be formulated as a 
1 inear programming probJem by maximizing the reference load F subjected 
to a series of constraints specifying the equil ibrium requirements and 
the yield restrictions for the structure. As shown in Eq. (3.4) and 
0.5), the equil ibrium requirements may be stated in two alternate forms. 
Us j ng Eq. 0.4), the J i nea r p rog ramm i ng fo rmu 1 at i on becomes 
maximize F 
subject to R = BP'+Cp' I \ \a) 
-M < R' <M (b) p -
- P 
0.12) 
F 2: 0 
pi unrestricted in sign 
In this fo rmu 1 at ion the equi 1 ibrium requirements are given by 
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constraints (a) and the yield restrictions by constraints (b). Using 
E q s • (3 • 6 ) and ( 3. 1 1) co n s t r a i n t s (b) 0 f E q • (3. 1 2 ) can be r ew r itt en 
as 
-M < dlR < M p -. - p (3. i 3) 
Replacing the equal ity constraints (a) of Eq. CL J2) into Eq. (3.13), 
the formulation given by Eq. (3 .. 12) can be reduced to 
maximize F 
subj ec t to -Mp ~ til (BP I+cp I) ~ Mp 
F ~ 0 
pi unrestricted in sign 
Using the following definitions: 
B = t:re 
C = die 
the formulation given by Eq. (3.14) can be rewritten as 
maximize F 
subject to 8I F+Cpl ~ Mp 
-S'F-Cp' ~ Mp 
F ~ 0 
p' unrestricted in sign 
(3.14) 
(3.15) 
(3.16) 
(3. 17) 
(3. 18) 
The formulation given by Eq. (3.18»)1 which uses the circuits 
definE!d by the redundants, will be called the circuit or~' 
formulation of plastic analysis. The solution 'to this problem consists 
of: 
~) the vaiue of the reference load, F, 'correspondIng to the 
load-carrying capacity of the structure; 
b) the value of the redundant! at the releases, pi; 
c) the location of the yield hinges at collapse. 
The interrelations between the different quantities of Eq. 
(3.18) are represented in the transformation diagram of Fig. 3.4(a) 
which is patterned after Roth·s diagram(3) developed for general 
networks. The matrix appended to each arrow may be regarded as a 
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transformation which converts the object of the tail of the arrow into 
the object at the head of the arrow. 
An alternate formulation can be obtained if the equil ibrium 
requirements specified by Eq. (3.5) are used. The formulation can be 
wr} tten as 
maximize F 
subject to AtR_pa = 0 
-Mp ~ RI ~ Mp 
F ~·O 
R unrestricted in sign 
(a) 
(b) (3. 19) 
Replacing pI by pUF and using Eq. (3.6) and (3.11), the formulation 
given by Eq. (3.19) can be rewritten as 
maximize F 
t ... 
sub J ec t to A R aD P t F :B 0 (a) 
(b) 
(3.20) 
F ~ 0 
R unrestricted in sign 
The formulation given by Eq. (3.20), which Is based on the 
equ i 1 ibri urn requ i rements at the Jo ints (nodes) of the structure, wi 11 
be called the nodal formulation of plastic ~nalysis. 
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The solution to this problem yields: 
a) the value of the reference load F corresponding to the load 
carrying capacity of the structure; 
b) the values of the forces at the negative member ends R; 
c) the location of the yield hinges corresponding to the 
col lapse of the structure. 
The re 1 at ions exp res sed by Eq. (3.20) a re rep resen ted in the 
diagram of Fig. 3.5(a). 
3.4 ·Role of aTypical Member in the Formulation 
In order to illustrate the formulations presented in the 
previous section, it is worthwhile to summarize the contribution of a 
typical member to the matrices and equations that constitute the 
formulations. It should be point out that the formulations developed 
above consider the most general case, i.e., a space frame. On the 
other hand, for simp) icity, a typical member of a plane frame will be 
discussed in this section. A section of the member is acted upon by 
three components: axial force p , shear force p and bending moment m • 
x y z 
The value of the fully p1astic moment is m3" 
The contribution of member i to the vectors R, RI and RI as 
well as to the matrices nand 6 will be discussed next. The vector R 
is of the form 
R == {3.21} 
In which RBi is the vector of forces at the negative end of member i and 
is given by 
The vector R i is of the form 
,,; r:"l . " R' :::: = Rs· H ~ ~_ • L- L· :~J 
in which 
0 0 
Hi :::: 0 1 0 
0 It 1 
and l is the 1 eng th 0 f the member .. 
Thus 
0 
n = n 
o L @ 
I L 
-J 
in which 
II l 
n. ::!II L HIJ I 
Now the subvecto r R ~ is of the fo rm 
I 
R! :::: :::: 
I 
m • 
%1 
Pxi 
Pyi 
lp .-kn i yl % 
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(3 .. 23) 
(3.24 ) 
(3.25) 
(3.26 ) 
(3.27) 
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Since the elements of Ri which define yielding have to be extraeted, ~i 
is of the form 
and R~ becomes 
I 
R ~ =.6. R! = 
I I I 
o 0 0 
o 0 0 0 
r-m • l ZI 
L lpyj+mzi J 
The yield restrictions for the member are 
"'m3 < m • < m3 ..... 2:1 ~
-m3 ~ £Pyi+.mzi ~ M3 
-0.28) 
0.29) 
(3. 30) 
For the mesh formulation (Eq. (3.18» p . and m i of Eq. (3.30) 
yl Z 
are functions of the reference load F as well as the redundants pi. On 
the other hand the restrictions of Eq_a (3.30) appear _explicitLy in the 
node formulation (Eq. (3.20·». However this formulation requires the 
inclusion of the equilibrium constraints given by Eq. (3.20(a». 
3.5 Example 1: System of Collinear Springs 
In this section it is shown how the node formulation given by 
Eq. (3.20) is appl ied to the example presented in Section 2.3.1. In 
the next section the mesh formulation given by Eq. (3 .. 18) is appJ ied to 
the case of the planar frame studied in Section 2.3.2. 
The 1 inear graph corresponding to the system is represented in 
Fig. 3. 2 (a) • The rna t r i x A i s 9 i ve n by 
A == 
The vector pI is given by . 
1-2 
2 ... 3 
1-3 
2 
1 
... 1 
o 
3 
o 
(3.31 ) 
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For this particular problem R can be used instead of R' since the forces 
at both ends of each bar are obviously equal. Furthermore, since only 
axial forces have been included in R, no extraction is necessary, and R 
can replace R'. R can be written as 
R :: 
in which Px12' Px23 and Px13 are the unknown bar forces. The vector Mp 
of known plastic capacities is given by 
(3.34 ) 
The formulation given by Eq. (3.20) becomes 
maximize F 
subj ect to 
r. 
... ) ... 1 [~J [~J l~ ~J Px12 F = Px23 
Px13 
Px12 P12 
Px23 ~ P23 (3.35) 
Px13 Pl3 
[:x~~ l 
<" r:~~l l:~:~~ J ...... L~~;J 
F ~ 0 
Px12 11 Px23' Px13 unrestricted in sign 
This formulation Is identical to the fa rmu 1 at ion given by Eq. (2.5) • 
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306 Exampie 2: Pianar Frame 
As an illustration of the mesh formulation the planar frame 
studied in Section 2.3.2 is again considered. 
The linear graph and the primary structure (a tree) associated 
with this frame are presented In Fig. 3.3(a) and 3.3(b) respectively. 
The vec to rs P' and pi are given by 
2 r~ l 
0 pi 
0 X 
pi 
= 3 1 F pI == p',' o. 36) 
0 y 
a mt 
4 0 z 
0 
The matrix B is given by 
2 '" J. ;) "1' 
IA~:12 I\~Hi3 AfH 14 """"'I 
2 I\~H23 J\~H24 
B lIIIII (3. 37j 
3 l 0 0 A~:34J r-4 0 0 
in which 
0 0 =r-~ 0 ~ l AtH' = [-~ :] A~H12 lIIIII ... 1 0 0 A~Hi3 0 1 14 0 0 1 o 1,/2 1 , 0 t 
- ..J (3. 38) 
0 0 0 0 0 0 
A~H23 :I 0 1 0 A~H24 = 0 1 0 A~H34 = 0 0 
0 0 I o /'/2 1 0 0 
The "'!!!IIfo ... ;.., r . gIven by tUg """ I" ... IS 
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A~H15 
2 A~H25 
c == 
3 J\~H35 
4 A!H45 
in which 
rO ol I, 0 ol 
h~H15 I-I 0 ~J tHI I 0 1 ~J = 1\2 25 = Lh l L h £/2 (3.40) 
0 0 0 .... 1 0 
tHI = 0 1 0 I\~H45 = 0 0 1\3 35 
h 0 1 0 0 1 
n can be wr i tten as 
I 
H] 0 
I 
n = 
H2 
'II' 
J. 
(3.41 ) 
0 
H3 
I 
H4 
in which 
0 0 0 0 
Hl ::11 H4 :II 0 1 0 H :;: H = 0 i 0 2 3 
0 h 1 o 112 1 
Since only the values of the bending moments at the po~ential hinge 
locations should enter into R', the vector R' = nR must be premultipl ied 
by tJ., given by 
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001 
001 o 
001 
001 
001 
o 001 
001 
001 
The plastic moment capacities represented by Mp are as follows 
m1 
m2 
--_ .. 
2 
m2 
Mp = -~~- (3.44 ) 
m2 
m2 
3 
----
4 
m2 
m1 
The linear programming formulation, as given in the mesh formulation of 
Eq. (3,,18), becomes 
maximize F 
sub j e c t to R I ~ Mp 
-R ' ~ Mp 
F 2! 0 
pI unrestricted 
(3.45 ) 
After expanding the matrix inequalities and el iminating redundant con-
straints Eq. (3 .. 45) reduces to Eq. (2.12). 
3.7 Network Formulation of the Kinematic Theorem 
According to the kinematic theorem the load-carrying capacity 
of a rigid-plastic structure can be calculated by minimizing the 
diss ipated internal power corresponding to a kinematically admiss ible 
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system of velocities. This system can be obtained by giving a unit 
velocity to the general ized reference load (thus guaranteeing that the 
external power is positive), provided that the velocity constraints of 
the structure are preserved. 
The linear programming problem is obtained directly by 
writing the dual of the mesh formulation of the static theorem, i.e., 
Eq. (3. 18). The prob J em becomes 
t t 
min im ize Mp,w 1 + MP.w2 
- t ... t 
subject to 8' w,-B' w2 ~ 
-t -t C w1-C w2 ::: 0 
wI' w2 ~ 0 
or, after exp~nding the matrices, 
t t 
minimize MPWI + MPW2 
subJ"ect t~ ~,tBtnt~tw _~,tBtnt6tw ~ 
"1 " "2 
Ct nt6 tw -c t nt 6 tw = 0 1 2 
In the above formulation: 
(a) 
(b) 
(c) 
(d) 
(3.46 ) 
(3.47) 
(i) wI and w2 are vectors of the same order as R', repre-
senting the distortions (or rates of distortion) at the potential hinge 
locations. To every element of w1 there corresponds an element of w2 " 
Since according to constraints (d) WI and w2 are non-negative then the 
elements of Wi or w2 which enter into the solution indicate the sign of 
the distortion at the yield hinges. 
(ii) (a) represents the dissipated internal power which 
should be minimized. 
(iii) Constraints (b) and (c) specify the kinematically 
admissible system of velocities. Constraint (b) defines the unit 
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velocity given to the general ized reference load. Since in any optimal 
solution this constraint is fulfilled as strict equal ity it is a con-
tinuityequation" Constraints (c) specify continuity at the points 
where the releases were introduced. There are as many constraints in 
(c) as there are degrees of indeterminacy in the structure. 
The solution to the problem yields the minimum value of the 
dissipated internal power~ According to the principle of conservation 
of energy, this is also the value of the external power. Since the 
velocity associated with the general ized reference load is equal to 
unity, the solution gives the value of the load-carrying capacity. 
Finally, the values of wI and w2 which appear in the optimal solution 
define the mode of collapse of the structure. The relations expressed 
kinematic theorem can be obtained by writing the dual of the node 
formulation of the static theorem given by Eq .. (3.20) .. It can be 
written as 
t 
minimize Mp(w 1+w2) 
. t t 
subject to Au'+n 6 (w 1-w2) = 0 
pltu l 2! 1 
u' unrestricted in sign 
W > 0 wI' 2 
In the abOve formulation: 
(a) 
(b) 
(c) 
(d) 
(3.48) 
(i)· The vector u' represents the joint displacements (or 
velocities). u' is a vector of the same order as pl. 
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(ii) Constraints (b) and (c) define the kinematically admissible 
systems of velocities, constraint (b) specifying continuity while con-
straint (c) defines a unit velocity given to the reference load such that 
the power of the external loads is positive. 
(I i i) The objective function (a) is the same as in Eq .. (3.47), 
i.e., the dissipated internal power which is to be minimizedo 
The relations expressed by Eq. (3.48) are represented in the 
diagram of Fig. 3.5(b). 
As in Eq. (3.47), the solution to the problem yields the value 
of the load-carrying capacity of the structure. The values of WI' w2 and 
u' given by the optimal solution define the mode of col1apse of the 
s true tu reo 
In Fig. (3.6) is represented the combined Roth's diagram, 
combining the mesh and the node formulations. This diagram summarizes 
all pertinent relations between node, mesh and branch variables and may 
be used to expl~in tr~nsformation of variables such as the one performed 
in Section 2.3. 
It should also be noted that: 
(i) While in the elastic case the relation between member 
forces and member distortions, i .ee, Hooke's Jaw, permits the solution 
of the analysis problem, in the present case no relation expressible 
by a mathematical function exists between R' and w. The problem can be 
solved by using either actions alone or distortions alone. However, 
dual ity guarantees that both manners of establ ishing the problem yield 
the same solution. 
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(ii) A set of w's (hinge distortions) cannot be directly 
obtained from a set of values for u' (joint displacements). In 
Appendix A a procedure for generating mechanisms is presented in which 
after certain assumptions, the values of w can be obtained for a given 
setofui's. 
3.8 Network Formulation of the Minimum Weight Design Problem 
The formulations establ ished for the rigid-plastic analysis 
problem using the static theorem can be easily modified for the minimum 
weight design problem as follows: 
a) In the case of analysis the objective function is the 
reference load F which is to be maximized, while in the case of design 
the objective function is the weight of the structure which should be 
minimized. 
b) The constraints for both- problems are the same, i.e., 
equilibrium constraints specifying that the stresses should not exceed 
the plastic capacities at the potential hinge locations. However, while 
in the analysis problem the plastic capacities of the structural members 
were known and the values of the appl ied loads were unknown, in the case 
of design the external loads are completely defined and the plastic 
capacities of the members are to be determined. Hence, it is necessary 
to rearrange the constraints represented by Eq .. (3.18) and (3.20) in 
such a manner' that the unknowns appear on the left s ide of the 
inequal ities and the known quantities appear on the right side. 
The mesh formulation of the static theorem for _the minimum 
weight design problem Is as follows: 
minimize 
subj ec t to M "'Cpl 2: B'F p 
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M +Cp I ?:"'S IF (3.49) p 
M > 0 
P 
pi unrestricted in sign 
In this formulation Lt = (£1' e •• , lb) is a vector of member lengths 
used as the price vector for the linear programming problem and the 
remaining quantities are as defined in,Section 3.3. The solution to the 
problem yields: 
(i) the values of the plastic moment capacities of the 
members which supply a minimum weight for the structure; 
(ii) the values of the redundant forces pi corresponding to 
the optimal solutione 
The minimum weight design problem can also be established by 
usingthek inematictheorem. The formulation is glven- by the duaJ of 
the mesh formulation expressed by Eq. (3.49). The probiem can be 
wr i tten as fo 110ws 
maximize ... t ... t (a) FB' w ... FB' w 1 2 
subj ec t to w1+w2 ~ L (b) (3.50 ) 
-t ... t 0 (c) -c w1+C w2 = 
WI J w2 2: 0 
In this formulation, w
T 
and w2 correspond to the distortions or, more 
precisely, rates of distortion at the potential hinge locations and 
the remaining matrices are as defined above. The problem calls for the 
determination of a set of velocities, w1 and w2, which satisfy the 
continuity conditions at the releases {constraints (c» and the 
inequal ities wJ+W2 ~ L {constraints (b» and make the external power 
as large as possible. 
The node formulation of the static theorem for the minimum 
weight design problem can be written as follows: 
minimize ltM p 
subject to AtR:::: PiF 
M -mR :> 0 p ..... 
M +t11R > 0 p -
M :> 0 p ..... 
R unrestricted in sign 
All the quantities in this formulation have been previously definede 
The solution to the prob1em yields: 
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(i) the values of the p1astic moment capacities of the members 
which supply a structure of minimum weight: 
If! \ 
,8 I J the values of the member end 
are given by.Mp. 
TheproiHem can also be solved by us Ing the dual of Eq. (3.51) 
which is equivalent to the appJ ication of the kinematic theorem. The 
p rob .. ) em becomes 
maximize PltFul 
subject to t t Aul .. n!:::. (w t ""'W2) :::: 0 
wl-tw2 ~ L (3.52 ) 
WI' w2 2: 0 
u' unrestricted in sign 
The problem calls for the maximization of the external power subject to 
a set of constraints specifying kinematically admissible system of 
velocities. 

CHAPTER 4 
GENERALIZATION OF FORMULATION 
In the preceding chapters it was assumed that the yielding of 
a structural member at a given section is determined by only one com-
ponent of the action vector. However, this is a rough assumption since 
in general several action components may enter into play when a section 
yields. This i~teraction may be accounted for by the concept of a 
yield surface. In this chapter the yield surface is initially discussed 
and then the effect of stress interaction is included in the "network 
formulations previously developed. For simpl icity, only the formulations 
corresponding to the static theorem will be general ized to include the 
effect of stress interaction. 
4, 1 The Yield Surface 
The definition of yielding at a given section can be repre ... 
sented in terms of a series of functions of the stress components at the 
section which constitute the yield surface. As it has been shown else-
where !2']j the yield surface presents the following characteristics: 
a) If the stress vector 1 ies inside of the surface, no plastic 
flow can occur. When the stress vector reaches the yield surface the 
member can undergo unrestricted plastic flow. States of stress for 
which the stress vector 1 ies outside of the yield surface are "not 
possible .. 
b) The plastic strain increment vector corresponding to a 
stress vector on the yield surface is defined, up to a mUltipl icative 
constant, by the normal to the surface at the corresponding point. 
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c) The yield surface is convex. 
An extensive amount of ] iterature deal ing with the derivation 
of the yield surface for different types of sections exists.(19,27) 
Consider a situation in which only two stress components enter into the 
yield condition. For example, the axial force and the bending moment 
are the components of interest for the case of. a planar frame. In 
Fig. 4q 1 the yield surface is represented by the curves with equations 
~] (R 1) = c 1 and ~2(RI) = c2 " Two possible situations of the stress 
vector RI are represented by RII and RI2 . Stress vector RII I ies inside 
the yield surface and therefore the section cannot undergo any plastic 
distortions. On the other hand, vector RI2 1 ies on the yield surface 
and hence it indicates that a yield hinge has been formed at the section 
which can now undergo unrestricted plastic flow. 
It is convenient to represent the force vector at a given 
section and the equations defining the yield surface in terms of 
normal ized stress components a A normal ized stress component is the value 
obtained by dividing the actual value of the component by that value of 
the same component which would cause p1astic flow at the section if it 
were acting alone. Thus the equations of the yield surface become of 
the form Ii (r I ) = 1, where r I is the vector consisting of the normal fzed 
stress components at section 10 
4.2 General ization of the Network-Topological Formulation 
Based upon the previous considerations~ the formulations 
developed in Section 3.3 for the calculation of the load-carrying 
capacity will be extended to include the effect of stress interaction. 
The general ization of the mesh formulation given by Eq. (3.18) 
will be considered first. As it was shown in Section 3.3, the vector 
of forces at both ends of the structural members is given by 
R'= nR 
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(3.6) 
Since it is more convenient to work with normal ized stresses, each 
component of R' is divided by the corresponding fully plastic value. 
Let the vector so obtained be denoted by R*. R* is obtained by pre-
multiplying RI by a diagonal matrix, N, containing the inverses of the 
fully plastic values. Then R* can be written as 
(4. 1 ) 
In general, the equations for the yield surface are non m l inear, but can 
be adequately represented by equations of the second degree. A vector 
< R* >, the elements of which are the squares of the elements of R*, is 
defined. The brackets around R* indicate that the squares of the elements 
of R* are to be considered. The yield restrictions can be represented 
by J inear combinations of the elements of the vector R* and of the vector 
< R* >, as follows: 
(4.2) 
in which 1 represents a sum vector and 6 1 and ~ are defined similarly 
to the matrix 6 in Section 3.3, but instead of being only extractor 
matrices, i.e., composed of ones and zeroes, they define 1 inear com-
binations of the elements of R* and < R* > for a given yield condition. 
The typical matrix 6 1 i or ~i of ~J or ~ has 2s rows and 2f columns, 
where s is the number of different equations defining the yield surface 
segments and f is as defined previously. It shou1d be recalled that 
yield restrictions must be written for both member ends. 
The. mathematical programming formulation of Eq .. (3 .. l8) can be 
genera] ized to include the effect of stress interaction by replacing the 
constraints (b) of Eq. (3.12)$ defining yield restrictions in terms of 
single components of the stress vectors, by Eq .. (4.2) defining yield 
restrictions for the yield surfaces .. 
The probJ~m becomes 
maximize F 
subject to R = Bpl+Cp' 
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.61 R*+~ <R*> ~ 
F ~ 0 
(a) 
(b) (4.3) 
pI unrestricted in sign 
Using Eqo (4 .. 1) the equilibrium conditions (a) of Eqo (4 .. 3) 
can be replaced into the yield restrictions (b) of Eq. (4.3) and the 
problem reduces to 
maximize F 
subject to .61Nn(BPIF+Cp8)+~ <Nn(BP'F+Cp'» ~ 
F 2: 0 
pI unrestricted in sign 
(4.4) 
The formulation given by Eq. (4.4) wil) be called the " 
genera) ized mesh formulation of plastic analysis .. The problem is in 
general a non1inear programming problem. The solution to the problem 
yields both the value of the reference load F corresponding to the load 
carrying capacity as well as the values of the redundants at the 
releases. Finally, the stresses at any desired cross section of a 
member can be computed by statics. 
The node formulation given by Eq .. (3 .. 20) is considered next .. 
The e'qu i J ibrium constrai nts (a) of Eqo (3.20) wi 11 be the same for the 
general ized formulation" On the other hand, the yield restrictions (b) 
of Eq .. (3.20) are replaced by the yield restrictions given by Eq. (4.2). 
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The formulation becomes 
maximize F 
subj ect to 
(4.5) 
Runrestricted in sign 
In this formulation R* is replaced by the value given by Eq. 
(4.1), but no further replacements for ,the stress vectors are carried 
out since they appear expl icitly in the formulation. Again pi is 
replaced by pi times the reference load Fe The formulation reduces to 
maximize F 
subject to t ... A R-P'F = 0 
6 1 NnR+~ <NnR> S 1 
F 2= 0 
R unrestricted in sign 
(4.6) 
The fo rmu 1 at ion represented by Eq.. (4.6) wi 11 be ca 11 ed the 
generalized node formulation of plastic analysis. The solution to this 
problem yields the value of the reference load F corresponding to the 
load-carrying capacity as well as the corresponding member forces. 
The optimal solution to both formulations, i.e .. , Eq .. (4 .. 4) and 
(4.6), give also information pertaining to the location of the yie1d 
hinges at collapse .. This information Is obtained from the yield 
restrictions which are fulfilled as strict equal~ties in the optimal 
solution, i.e., the stress vectors which reach the yield surfaces. 
4 .. 3 Role of a Typical Member In the General 'zed FonmuJatlon 
In the present section the concepts developed in Section 3.4 
will be extended to show the role of a member in the general ized 
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formulation" For simp1 icitYll a member of a planar frame is again con'" 
sidered. At any given section the member is acted upon by three stress 
components: the axial force p , the shear force p and the bending 
x y 
moment m • 
z 
The corresponding fully plastic values are denoted by PI' 
P2 and m3 respectively. If the effect of the shear force on the 
definition of the yield condition is neglected, (19) the yield surface 
is given by the following equations, plotted in Fig# 4.2{a): 
2 
[:~J m + J.. :: m3 
2 
[:~J m ~ :: m3 
It was shown in Section 3.4 that the contribution of a member 
vector RI is given by the vector 
R~ == 
I l'Rs< I Hi~Bj 
(4.7) 
to the 
(3.7) 
Now the vector R* is obtained by premultiplying R' by N. The vector R* 
is of the form 
and R~ is given by 
I 
R•• .. -.  
. 
R~ 
• I 
R~ = N.R, I I 
where the matrix N. is a diagonal matrix of the following form 
I 
... ) 0 
P2 
.... 1 
m3 
... 1 
0 P1 
-1 
L 
P2 
_1 
m3j 
(4.8) 
(4.9) 
(4.10) 
Thus the subvector R~ is of the form 
I 
R~ = N. 
I I 
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(4 .. 11) 
The contribution of member i to the vector < R .... > is given by the vector 
"i': < R. > : I 
<R~> = 
I 
(4. 12) 
Finally, the matrices bot and ~ are of the form 
I ~ 
o 
~1 == ~1 i 
o 
(4 .. i 3) 
o 
o 
where 
o 0 1 100 0 
o 0 -1 I 0 0 0 
- - - - ~ - - - -
o 00 1 0 0 
I 
---_ .. _. __ ._------_ ... __ .-_. __ ._-_._" ..•.. _ ... ------- ---_.-.. _-. __ ._---.-_._._ ... _-_ .. - ------_._ .. _---_._- -"--- ._---
o 0 0 I 0 O-J 
r~ 0 0 0 o 01 0 0 I 0 am 0 =- ~ ~i :::: r "" 0 0 ~ ~J L~ 0 o I 
The y ie 1 d restrictions for the member can therefore be written as 
and the expansion of the last 
or 
m {:~r ~ ~1 m3 
lp +rn +[:~2 ~ z ~ 
m3 
61 
(4. 14) 
(4. 15) 
1 
1.J 
(4.16) 
(4. J 7) 
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The four inequal ities correspond to the yield restrictions for both 
member ends.. The general matrix inequal i ty of Eq .. (4.2) defines simi lar 
ield restrictions for all member ends in the structure. ___________________ L ___________ _ 
As an alternate representation, consider the case in which the 
yield surface is linearized. For this case Eq. (4.7) is replaced by 
the following 1 inear equations, (19) plotted in Figo 4.2(b): 
1 Px + m ... -!. = + 2 P .. m ... 
. I j (4. 18) 
Px 1- m + ~ :::I I 
Pl 3 m3 
+ 
All the matrices remain the same as above, with the exception 
of ~J i and ~ j. _ ~ i becomes a null matrix since the non1 inear terms 
disappe€!r .. ·. Now, since Eq~ (4 .. 18) defines eight yield restrictions 
for each member end, 6, i becomes af 16 by 6 matrix as given by 
1/2 0 
1/2 0 ... 1 
-1/2 0 1 
... 1/2 0 -1 0 
0 213 I 
0 -2/3 I 
.. 1 0 213 1 
.6) i 
-1 0 -2/3 1 (4. 19) ::: ....... GIll GO _ ... - ... 1 ... 
I 1/2 0 
1/2 0 ... 1 
1 
0 
I ... 1/2 0 1 
I 
I -1/2 0 .... 1 
1 0 2/3 
0 ... 2/3 
I eo1 0 2/3 
.. 1 0 -2/3 
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can now be written as The yield restrictions for member 
* ~l·R. ~ I I (4.20) 
in which R~ is as given by Eqo (4.11) 0 The expans ion of Eq. (4.20) is 
I 
straightforward and will not be carried out here. 
4.4 General ization of the Network Form~lation for Minimum Weight Design 
The ideas stated in Section 3.8 can be general ized to include 
the effect of stress interaction as follows: 
(i) The weight of a structural member is assumed to be a 
function ~ of the fully plastic values of the stress components. The 
weight of the structure is to be minimized. 
(if) The constraints include the effect of stress interaction 
and are the same as the constraints in Eq. ,(4.4) or in Eq .. (4.6), as the 
case may be. However, in the minimum weight design problem the external 
loads are specified while the fully plastic values of the stress com-
-----------~ne&t~~e-~~d~t~~L~~d-.----------------------------------------------________ _ 
The design problem corresponding to the mesh formulation given 
by Eq. (4 .. 4) for analys is can be written as 
min i m i ze i: cp. (p.) 
I ! 
subject to ~JNn(BpgF+Cpj)+~ <: Nn(SP'F+Cp') > :::; 
p • .2: 0 
I 
i = 1, ... , b 
pi unrestricted 
In the above formulation p. is the vector of unknown fully plastic 
I 
(4.21 ) 
capacities for member i and the remaining quantities are as defined 
previously. 
The design problem can also be written by using a node formula-
tion which corresponds to that given by Eq. (406) for analysis, as follows 
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minimize L co. (p.) 
I I 
subject to AtR = P'F 
6 1 NnR+~ <NnR> ~ 
Pi 2: 0 
(4.22) 
R unrestricted in sign 
In the two formulations presented above, the values of the 
elements of the matrix N, i.e., the inverses of the fully plastic 
capacities, and the values of the redundant forces pi in Eq .. (4 .. 21) or 
the member forces R in Eqe (4.22) are unknown. As can be seen this 
fact makes the constraints highly non) inear. Furthermore, they are In a 
form very 1 ittle appropriate for implementation. To s impl ify the 
problem in such a way that the formulations obtained be more convenient 
fo r imp 1 ementat i on the fa 1 Jaw i n9 assumpt ions are made: 
(I) The values of the unknown fully plastic capacities for 
a given member are expressed as a 1 inear function of one of them, which 
is taken' as a reference. 
(ii) The yield surface for a given member is normalized in 
terms of the reference plastic capacity for the member. 
(iii) The yield surface is linearized. 
(Iv) The we ight of a member is assumed to be a 1 inear 
function of the reference plastic capacity for the member. 
For the purposes of the formulations to be developed it is 
necessary to make the following definitions: 
(I) let the matrix l be defined as 
-6. 
I 
(4.23) 

CHAPTER 5 
1M PLEMENTATIO N 
In this chapter the relative advantages of the mesh and the 
node formulations of the static theorem (Eqo (4.4) and (406) respectively) 
will be discussed from the point of view of digital computer implemen-
tation.. The actual implementation' is then described. 
5.1 Introduction 
Initially it is assumed that both the mesh and node formula-
tions can be reduced to I inear programming problems by linearizing the 
yield surface. The solution of the plastic analysis problem by means 
of 1 inear programming procedures will occupy the main part of the 
discussion in the present chapter. As will be seen in Chapter 6, the 
results obtained through the 1 inear programming formulations are 
sufficiently accurate for practical purposes. Furthenno're, a computer 
program using 1 inear programming methods can be implemented much more 
expediently than one employing nonl inear programming procedures. 
However, in order to gain generality, a computer program which uses 
nonl inear programming was also developed for the present study and will 
be discussed in Section 5.5. 
After I inea,rizing the yield surface the mesh fonnulation given 
by Eq. (4.4) reduces to 
maximize F 
subject to ~lNnBPIF + ~lNnCp! ~ 
F 2: 0 
p~ unrestricted in sign 
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(5. 1) 
and the node formulation given by Eq., (4.6) reduces to 
maximize F 
subject to AtR-P'F = 0 
.61 NnR .s 
F 2: 0 
R unrestricted in sign 
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(a) 
(b) (5.2) 
The discussion will be first carried out with regard to the available 
general purpose computer programs for solving 1 inear programming 
problems. These programs treat every 1 inear programming problem in the 
same manner, regardless of the specific arrangement of the elements 
in the constraints. Then a discussion will be made of the usefulness of 
special algorithms appl led to the solution of the rigid-plastic analysis 
problem by using either one of the formulations given by Eq. (5.1) or 
(5.2). Accordingly, it is necessary to study the constraints corres-
pending to each formuiation in order to decide whether or not it is 
worthwhi1eto implement special algorithms for the present case. 
5.2 Use of General Purpose Linear Programming Routines 
a) Case of the mesh formulation as given by Eq. (5.1). 
Although the sparseness or banded characteristics of the con-
straints are dependent on the manner in which the releases are 
introduced, the size of the problem is the basic factor when general 
purpose 1 inear programming routines are used. The global size of the 
problem is as follows: 
(i) Number of Constraints. The number of constraints is a 
function of the number of members in the str~cture and of the number of 
segments which are utilized to approximate the yield surface. Thus the 
number of constraints is equal to the number-of segments, s, times 
minimize l: <:OJ (Pi) 
subject to AtR = P'F 
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61 NnR+~ <NnR> ~ (4.22) 
P• ,. 0 1-
R unrestricted in sign 
In the two formulations presented above, the values of the 
e1ementsof the matrix N, I.e., the inverses of the fully plastic 
capac i ties, and the va 1 ues 0 f the redundant fo rces pi in Eq.. (4 .. 21) 0 r 
the member forces R in Eq. (4.22) are unknown. As can be seen this 
fact makes the constraints highly nonlinear. Furthermore, they are in a 
form very 1 i ttle appropriate for implementation. To s imp1 i fy the 
prob1em in such a way that the formulations obtained be more convenient 
for implementation the following assumptions are made: 
(I) The values of the unknown fully plastic capacities for 
a given member are expressed as a J inear function of one of them, which 
is taken as a reference. 
(ii) The yield surface for a given member is normal ized in 
terms of the reference plastic capacity for the member. 
(iii) The yield surface is linearized. 
(Iv) The weight of a member is assumed to be a 1 inear 
function of the reference plastic capacity for the member. 
For the purposes of the formu1ations to be developed it is 
necessary to make the following definitions: 
(i) Let the matrix l be defined as 
... 
1:::.. 
I 
(4.23) 
," 
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in which the matrix 6. is a 25 x 2f matrix of the coefficients defining 
I 
the 1 inear combinations of the stress components for the yield surface 
of member i. 
(ii) Let Q be a vector defined as 
Q =: Q. 
I 
in which Q. is a 2s vector containing the element representing the 
I 
reference fully plastic value p. for member i. 
I 
(ii i) Let k be a vector defined as 
k T k. 
I 
in which k. is a constant relating the weight of member 
I " to the 
reference fully plastic value for member i. 
(4.24) 
(4.25) 
Using the above assumptions and definitions the genera] mesh 
formulation given by Eq. (4 .. 21) is simplified as follows: 
min i m i ze E k. P . 
I I 
subject to Q-ln(BP'F+Cp') ~ 0 
pi unrestricted in sign 
The constraints of Eq. (4 .. 26) can be rearranged as follows: 
minimize ~ k.p. 
I I 
subj ec t to Q-tI!Cp B ?; Lfl.sp-, F 
Pi 2: 0 
pi unrestricted in sign 
(4026) 
(4.27) 
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The solution to Eq. (4.27) yields the values of the reference 
fully plastic values, p., for each member as well as the values of the 
I 
redundants corresponding to the specified loading. 
In the same manner, the node formulation of Eq; (4Q22) is 
simpl ified as follows: 
-
min i m i ze L k. p . 
I I 
subject to AtR = PIF 
Pi ~ 0 
~' unrestricted in sign 
(a) 
(b) (4.28) 
The solution to Eq. (4.28) yields the values of the reference 
fully plastic values for each of the members as wel1 as the values of 
the member forces correspondi.ng to the specified loading .. 
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twice the number of members, b, since the yield restrictions are written 
for both member ends. Then 
Number of Constraints - 2xsxb (5. 3) 
(ii) Number of Columnss This formulation requires a column 
and f columns per complete release. 
If r complete releases are introduced the number of columns is given by 
Number of Columns = l+fxr (5.4) 
Since the value of s increases rapidlY,as the yield surface is more 
closely approximated by linear segments, while the other quantities are 
fixed for a given structure, it can be concluded that the number of 
constraints is in general much larger than the number of variables. 
Now, since the solution time for a 1 inear programming problem depends 
much more on the number of constraints than in the number of variabJes~~) 
it is convenient to solve the problem by means of the dual formulation 
of Eq. (5.1). 
b) Case of the node formulation as given by Eq. (5.2). 
In this formulation it is necessary to consider two types of 
constraints as indicated by Eq.(S.2(a» and (5.2(b». The size of the 
problem is as follows: 
(I) Number of constraints in Eq. (5.2 (a». These con ... 
straints are equil ibrium equations corresponding to the free joints of 
the structure. There are f constraints per joint and n l free joints. 
Thus the number of constraints in Eq. (S.2(a» i~ given by 
Number of Constraints] = fxn' (5.5) 
(ii) Number of constraints in Eq. (5.2(b». In (S.2(b», as 
in Eq. (5.1), there are s J inear segments per yield surface and 2xb 
member ends. Thus the number of constraints corresponding to the yield 
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restrictions is given by 
Number of Constraints 2 = 2xsxb (5.6) 
(iii) Number of Columns. There is one column corresponding 
to the externally appJ ied loads, although it does not enter in 
Eq. (S.2(b), and f columns for each member. Thus the total number of 
columns is given by 
Number of Columns = l+bxf (5. 7) 
From Eq. (5.5), (5.6) and (5.7) it can,be seen that the total size of 
the problem is therefore of fxn'+2xsxb constraints and l+bxf columns. 
Similar remarks as those stated for the previous case can be made here 
with regard to the relative number of constraints and columns. It can 
be concluded that the number,of constraints is much larger than the 
number of columns and hence it is convenient to solve the dual problem 
of Eq. (5.2). 
Comparing the two formulations it is seen that the sizes of 
the problems are 
Mesh Formulation as given by Eq. (5.']) 
Node Formulation as given by Eq. (5.2) 
No. of Constraints No. of Columns 
2xsxb I+fxr 
2X5xb+fxn l l+fxb 
It is therefore obvious that the first formulation yields a smaller 
problem and hence it is more useful when a general purpose 'routine is 
to be ut i I ized. 
5.3 Use of Special Algorithms 
The decomposition principle developed by Dantzig and Wolfe(8)' 
can be appl ied to reduce the solution of a large 1 inear programming 
problem to the solution of a series of smaller problems. Although the 
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principle can be appl ied to any 1 inear programming problem it presents 
great advantages when appl ied to certain J inear programming problems 
presenting special characteristics. The decomposition principle is 
specially appl icable to problems presenting one of the fol1owing two 
fa rms: 
(a) Angular s ys terns of the form 
maximize f c.x. j =1 J J 
subject to 
~1 ~2 . . . . A Xl bO r 
-
~ 
- ~ '!'" :- -
B1 x2 b1 
B2 
0 (5.8) 
0 B x b 
r r r 
x. ?: 0 j = i , ... , r J 
In Eq. (5.8), A j is a mOx Ilj ma t r ix, B j is a m j x n j rna t r i x j b j is a 
m. vector, and x. and c. are n. vectors. Eq. (5.8) can be interpreted 
J J J J 
as a series of independent problems coupled together by the first 
co n s t r a i n t . 
(b) Staircase systems of the form 
r 
maximize lo c.x. 
j =1 J J 
subj ect to 
o 0 
o 0 
o 0 
o o 
j = 1, •• ., r 
(5.9) 
In this problem A. is a m.xn. matrix, ~. is a m.xn. 
• I I I 1'1"1 I 
rna t r i x 1\ b. i s a 
i 
m. vector, and c. and x. are n. vectors~ This problem is also cal Jed 
I I I I 
a mul tistage problem since it is solved by reducing it to a nested 
sequence of problems of the type represented by Eq. (5.8). 
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As it was already pointed out, the decomposition principle may 
in general be appl ied to any 1 inear programming problem. In particular, 
if a portion of a given 1 inear programming problem presents special 
characteristics such as those represen~ed by Eq" (5.8) or (5 .. 9), then 
the problem may be decomposed and the subproblem presenting special 
characteristics may also be soived by means of decomposition~ Hence 
several levels of decomposition may be uti) ized for solving a given 
problem. However, as it is usually the case for special ized procedures, 
the decomposition principle will produce longer calcuLations when 
app1 ied to problems not presenting the special characteristics described 
above. 
5.3.1 Analysis of the General ized Formulations from the Point of View 
of the Decomposition PrincIple 
In this section the special characteristics of the con-
stralnts corresponding to the formulations given by Eq" (5 .. J) and (5 .. 2) 
will be anaJyzed and the convenience of applying the decomposition 
principle to the solution of the rigid-piastic analysis problem will 
be discussede 
(11) Mesh formulation as given by Eq. (5~n .. 
In Section 5.2 this formulation was discussed from the point 
of view of a general 1 inear programming routine. As it will be seen 
below the chara"cteristics of the constraints corresponding to this 
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formulation depend upon the manner of introduction of releases as well 
as on the manner in which the joints and members of the structure are 
numbered. As an illustration, consider the structure shown in Fig. 
5.~'01i)~' For this structure, t\e'lO different systems of releases are 
described in Fig. 5.J(b) and 5.1(d). In Figs. 5.1(b) and 5.1(c) are 
shown two sequences of numbering the joints and members. It should be 
noted that for the present discussion the location of the externa1 loads 
is of no special significance. The expansion of the formulation of 
Eq. (5.1) for the structure of Fig .. 5.1 (b) is given in Table 1. As can 
be seen from the table, the equations do not fit the pattern of either 
Eq. (5 .. 8) or (5.9). However the decomposition principle could be 
appl ied to the problem as follows: 
(i) obtain the dual of the problem. 
(Ii) Decompose the problem into two subproblems: the first 
subproblem corresponds to the row associated with the reference load F 
and the second corresponds to the matrix associated with the redundants. 
(iii) The second problem is similar to the problem represented 
t t by Eq .. (5 .. 9), wi th the matrices A42 , A73 , etc. taking the place of the 
A. matrices, and hence it may be solved by means of the decomposition 
I 
principle .. 
A different view of the same problem is obtained if the con-
straints corr'~sponding to the redundants are written last, as . shown in 
Table 2. It could be said that this formulation.corresponds to the 
formulation given by Eq. (5.8) by associating the matrices above the 
partition shown in the table with the A matrices in Eq. (5.8) and the 
matrices below the partition with the B matrices. However, since the 
size of the upper part of the constraint matrix is much larger than the 
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size of the lower part, not much is gained by applying the decomposition 
principle. 
As a third illustration, if the members are renumbered in the 
manner indicated by Fig. 5.1(c), then the formulation of Eq., (5.1) 
becomes as shown in Table.3. It is obvious that this formulation does 
not follow the pattern of either Eqa (5.8) or (5 .. 9). However, by a 
simple rearrangement of the constra ints, it can be reduced to the 
formulation given in Table 1. 
Finally, consider the same structure as before but with the 
system of releases represented in Fig. 5. J (d). The corresponding 
formulation is shown in Tab1e 4. In this case, as in Table 2, no 
advantage is obtained by applying the decomposition principle, since 
the upper part of the system is much larger than the lower part, as 
indicated by the partition. Furthermore, in contrast to the system of 
releases given in Fig. 5.1 (b), the formulation corresponding to the 
present system of releases cannot be rearranged to yield a useful 
staircase pattern. 
It can thus be concluded that the characteristics of the con-
straints of the general formulation given by Eq. (5.1) do not follow a 
definite pattern, and hence the decomposition principle cannot be 
conveniently applied to a structure having an arbitrary system of 
releases. Therefore, the automation of a method using the decomposition 
principle and based in the formulation of Eq. (5",1) does not seem 
prom is i ng .. 
b) Node formulation as given by Eq. (5.2). 
For the s,tructure represented in Figo 501 (a) the formulation 
of Eq .. (5 .. 2) is shown in Table 5 .. In this formulation, the B matrices 
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contain, in general, more rows than the A matrices. Also, in general, 
the number of members is much larger than the number of free joints. 
Thus, the node formulation fits the pattern of Eq. (5.8) and the 
decomposition principle can be appl ied. Furthermore, for any structure 
the constraints follow the pattern shown in the table and do not 
present the variations caused by member numbering and redundant 
selection encountered in the mesh formulation of Eq. (5.1). Hence, if 
a program for the solution of very large structures were to be developed, 
the decomposition principle could be conveniently app1 ied to the 
implementation of the node formulation. 
In conclusion, it is to be noted that, as in the case of the 
elastic analysis proble~, the node formulation results in a regular and 
uniform pattern well suited for efficient computer implementation. 
5.4 Implementation of Computer Program 
In this section the implementation of the computer programs 
corresponding to the mesh and node formulations are described. 
a) Mesh Formulation. 
The computer program based on the mesh formulation can be 
described as follows: An index indicating whether plastic analysis or 
minimum weight design is desired is first read. Next, the type of the 
structure (plane frame, plane grid or space frame), the topological and 
geometric chcfracteristics of the structure and the external loading 
(defined by a reference load for the case of analysis) are read. A 
tree is automatically selected as the primary structure and the 
topological node-to-datum path matrix BT is calculated. From this 
information the vector Bpi (BP'F for design) and the mesh matrix Care 
76 
obtainedo Then purely by static cornsiderations the vector nsP' (nSP'F 
for design) and the matrix nC are generated. If analysis is desired 
the values of the fully plastic capacities of the members are read and 
the vector NnSps and the matrix Nne are obtainedc Now the coefficients 
of the components of the stress vector defining the equations of the 
yield surface are read and the vector 6 1NnsP' and the matrix ~lNnC 
(~BPIF and ~C for design) are calculated. Since for the case of 
design the manner in which plastic cap~cities are to be assigned to the 
members has to be known, i.e., which members are to have equal plastic 
capacities, a vector providing this information is read. At this stage 
all the information required for the solution of the optimization 
problem is available and the next stage consists of the appl ication of 
a J inear programming routine to the solution of the problem. 
The computer program was implemented to be run as a single 
job on the IBM/360 system and was written in two steps: 
{nTh is step cons i s fs of a p rag ram w r it ten- i "-POST and a 
1 inking subroutine written in FORTRAN IV. POST, (26) is a FORTRAN-l ike 
language with impl ied matrix operations, dynamic storage allocation and 
dynamic array dimensioning~ It is very convenient for the solution of 
problems in which, I ike in the present one, a Jarge number of matrices 
of varying size is to be manipulated. The POST program covers the 
process from the beginning until the generation of the matrices ~lNnBPI 
and ~lNne (~BPIF and ~C for design)s Then the ,FORTRAN subroutine 
takes these matrices, generates the remaining information required (see 
Eq. (5 .. 1) for ana Jys is or Eq. (4 .. 27) for des ign) and sends all the 
information to a disk in a manner suitable for handl ing by the 
optimization routines. 
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(i 1) Th iss tep cons is ts 0 f a MPS/360 prog ram wh i ch takes its 
input data from the disk as it was left in the. previous step. The MPS 
language(23,24) is appropriate for solving 1 inear and separable pro-
gramming problems. Since the number of constraints of the problems to 
be solved is generally much larger than the number of variables, a 
dual procedure is util ized to obtain feasibil ity and then a primal 
procedure is appl ied until optimality is reached. 
The solution to the MPS program yields: 
(i) For analysis: Load factor corresponding to the load-
carryin·g capacity of the structure .. For design: value of the minimum 
weight of the structure and corresponding design values for the fully 
plastic capacities of the members. 
(ii) The values of the redundants at the releases at 
collapse. 
(iii) location of yield hinges, Le .. , yield restrictions which 
_. - - - -
are fulfilled as strict equal ities in the opt-imaf- so-lution. 
(iv) Magnitude of the plastic strain increment vector, i.e., 
the dual variables. 
b) Node Formulation. 
The computer program for the node formulation can be described 
as follows: the required data are initially read, as in the mesh 
formulation. From the topological and geometric description of the 
structure, the matrix At is obtained. The loading condition defines 
the vector pi (PIF for design). This portion of the process defines 
the matrices corresponding to constraints (5.2 (a» for analysis or 
(4.28(a» for design. From the geometry of the structure it is possible. 
to obtain the matrix n. Finally the matrix 6,Nn (~ for design) is 
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obtained as in the previous case. This matrix defines constraints 
(5.2(b) for the case of analysis. In the case of design, the manner 
in which plastic capacities are to be assigned is read and constraints 
(4.28(b») are generated. The final stage consists of the solution of 
the optimization problem. 
The computer program was also implemented to be run as a 
single job on the IBM/360 system and was also written in two steps, 
namely, first a POST program for the g~neration of the required matrices 
and a FORTRAN IV subroutine to send this information to the disk in a 
manner suitable for the optimization routine, and, second, an MPS 
program which also uses a dual-primal technique to find the optimal 
solution to the problem. 
The solution to the MPS program yields: 
(i) For analysis: Load factor corresponding to the Joad-
carrying capacity of the structure. For design: value of the minimum 
weight of the structure and corresponding design values for the fully 
plastic capacities of the members. 
(ii) Member forces at collapse. 
(iii) Location of yield hingese 
(iv) Joint displacements and plastic strain increment vectors, 
Le., the dual variables. These values are given up to a mUltiplicative 
cons tant. 
As can be seen the program for generat~ng the constraints for 
the node formulation is much simpler and shorter than the corresponding 
program for the mesh formulat ion. Furthe-rmore, the resul ts of the node 
method give somewhat more complete information than those of the mesh 
method. When stress interaction is considered it is not possible to draw 
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the exact collapse mode from the results given by the mesh method, since 
the dual variables define the strain increment vectors which include 
all relevant distortion components. 
5.5 Nonl inear Programming in Plastic Analysis 
When the equations defining the yield surface are expl icitly 
included in the formulations given by Eq. (4.4) or (4.6) they are 
usually nonl inear and the resulting problem is of the nonl inear pro-
gramming type. 
As it was mentioned in Section 2.2, several methods have been 
developed for the solution of certain type of nonl inear programming 
problems. For the present study a non1 inear programming routine 
(Constrained Optimum Steepest Descent) deveJoped by wright(35) was 
uti1 ized. The routine is based on a gradient method of optimization 
which uses an iterative procedure. The main features of the process 
can be described as follows: 
(i) From a feasible point move in the "admissible" direction 
of steepest descent until a constraint becomes active. 
(if) The lIadmissibJe 'l direction of steepest descent is 
defined as either the direction opposite to that of the gradient of 
~ 
the objective function at a point where no constraints are active (or 
do not restrict movement), or the vector obtained by sweeping out of the 
negative grad'ient of the objective function those components in the 
direction of the gradient of the active constraints which constrain 
movement. 
(i ii) The process continues until a minimum is found, i.e., 
there does not exist an admissible direction of steepest descent. 
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The following observations should be made with regard to the 
application of the previous method to the plastic analysis problem: 
(i) If the starting point is very far from the optimal 
solution then the global optimum may not be reached or convergence may 
be very slow. This is especially true for the present problem in which 
the number of constraints is much larger than the number of variables. 
(ii) It is a difficult task to implement the generation of 
the constraints when nonl inear terms are involved. 
(I i i) In the node formulation, the equal ity constraints, Le., 
the equil ibrium conditions, must be replaced by inequaJ ity constraints 
and therefore the size of the problem increases considerably. 
The above drawbacks for the use of nonl inear programming in the 
present study, as well as the accurate results obtained through 1 inear 
programming, have led to the decision of basing the largest portion of 
th~s study on 1 inear programming procedures. 
CHAPTER 6 
ILLUSTRATIVE EXAMPLES 
In this chapter, several illustrative examp1es, obtained by 
the use of the computer programs, are described. The results reported 
represent the different points developed in this study, including: 
plastic analysis and minimum weight design, mesh and node formulations, 
effect of stress interaction, and various structural types (pJane 
frame, plane grid and space frame). 
In all examples, loads and forces are expressed in kips, 
moments in inch-kips, 1 inear dimensions in inches, displacements in 
inches and rotations in radians. The yield stress of the material is 
assumed to be 36 k.so i. 
6.1 Comparison of Mesh and Node Solutions 
The structure considered in this section is the planar frame 
shown in Fig. 6.1, which has the same geometry as the one in Fig. 5.1. 
Comparisons are made between the results obtained by the mesh and node 
formulationso For the mesh solution, the effect of different release 
-systems was also investigated. Two systems of releases were chosen so 
as to represent the frbest" and "worst,r primary structures, with 
releases restricted to be complete cuts. 
In every case, results were obtained without stress inter-
action, i.e., only bending moment governing, and,considering interaction 
between bending moment and axial force. When stress interaction was 
included, the yield restrictions of the AISC specifications (1) were 
util ized as follows: 
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(6. 1 ) 
In summary, the structure was anaJyzed in the fol1owing 
manners 
Mesh Method 
No stress interaction (
System of 
5. 1 (b) 
Sys tem of 
. \.. 5.1 (d) 
releases of Fig. 
releases of Fig. 
Sys tern of releases of Fig. 
S. J (b) 
Stress interact ion Sys tern of releases of Fig. 
5.1 (d) 
No s t res s j n t era c t ion 
Node Method 
Stress interact inn 
The main results are summarized as follows: 
(I) When no stress interaction was included, the load factor 
F obtalned was of 5.08. For the case of stress interaction the load 
factor was 4.88. Both of these values are for the nodal so1ution. 
(Ii) The value of the load factor given by the two systems 
of releases in the mesh solution was practically the same, i.e., less 
than 0.01 percent of difference. This vaiue was also equaJ to that 
given by the nodal solution. Certain minor differences in the stress 
distribution were observed for the two systems of releases with the 
"better" primary structure yielding values closer to those given by the 
nodal solution. 
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(ii i) The collapse configurations for the cases of no stress 
interaction and stress interaction are shown in Fig. 6.2 and 6.4, 
respectively. The points where the stress vector reaches the yield 
surface are also indicated. It can be seen that for the case of no 
stress interaction a combined mechanism of the upper story occurs while 
for the case of stress interaction collapse takes place as a paneJ 
mechanism of the three lower stories as well as some beam mechanisms. 
(iv) The normal ized distribution of moments for the cases of 
no stress interaction and stress interaction are presented in Fig. 6.3 
and 6.5 respectively. 
The following conclusions can be drawn from the results 
obtained: 
(i) Since in the present problem two completely different 
systems of releases were chosen, it can be concluded that the load 
factor is independent of the release system selected. This is in sharp 
contrast to the mesh (flexibil ity) method for elastic analysis, where 
a "bad' ! selection of a primary structure may lead to inaccurate results. 
The differences in stress distribution obtained by using the two systems 
of releases indicate alternate admissible states of stress at co1Japse. 
(ii) The effect of stress interaction on the load factor was 
not very high, i.e., only 4 percento This is due to the fact that the 
majority of the members do not carry heavy axial loads. However, the 
right-hand columns are subjected to axial 10ads ~1 ightly larger than 15 
percent of the fu11y plastic values, and this accounts for the differences 
in the load factors, as well as the mode of collapse. 
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6.2 Effect of Stress Interaction 
In this section three structures are considered in order to 
investigate the effect of stress interaction on the calculated 10ad-
carrying capacity. 
a) Planar Frameo The structure of Fig. 6~6 was· studied under 
a loading condition which causes large axial forces~ so that the effect 
of stress interaction could be more clearly observed. This structure 
was first studied by Morris and Fenves(27) by means of an eJastic-
plastic analysis procedure which considers the exact nool inear yield 
surfaces. 
In the present study the analysis was first performed by using 
approximate 1 inearizations for the yield surface and then by using a 
nonlinear yield surfaceo 
In the 1 inear analysis, four different yie1d surfaces were 
considered: 
Case 1. Linear yield restrictions specified by AISC (Eq. 
(6.1». 
Case 2. Linear approximation to the second degree yield 
surface for rectangular sections developed by Hodge. (19) The equations 
for this 1 inearized surface are: 
(6.2) 
Case 3. Lower bound surface corresponding to a 45 degree line 
joining the normal ized values of the fully plastic capacities for axial 
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load and bending moment, as given by the equations: 
(6.3) 
Case 40 Simple plastic theory (no interaction). 
The main results obtained from the analysis may be summarized 
as fo flows: 
(i) The values obtained for the vertica1 load F appl ied at 
the center of the beam at collapse are· as follows: 
Case 1. 
Case 2. 
Case 3. 
18300 K 
18.27 K 
16.82 K 
19098 K 
(it) In all cases the same collapse mode is obtained$ ioe., 
the yield hinges are located at the points indicated in Fig. 6.6. 
(iii) The values of the normal ized member forces at collapse 
are represented in Fig. 6.7, together with the i ioes defining the 
normal ized yield surfaces. In the figure all stress components have 
been transferred to the first quadrant. 
The following conclusions can be drawn from the previous 
resuits: 
(i) Cases 1 and 2 gave very close resu]ts$ It should be 
noted from Fi.g. 6.7 that the yield surfaces for these two cases are 
very close in the control I Ing region. 
(ii) As could be expected, cases 3 and 4 gave extreme results 
forthe load factor, but they provide a good indication of the 1 imits 
between which the load factor may vary. 
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(i ii) In their non1 inear analysis Morris and Fenves obtained 
values for the vertical load at the center of the beam of 19.03 K for a 
spherical yield surface and of 17.60 K for the exact yield surface for 
an I"'shap~d section. These two values bracket the values obtained in 
cases 1 and 2 of the present study. 
(iv) It is worthwhile to note in Fig. 6.7 that while the 
bending moments at coJlapse change according to the yield surface 
util ized, as does the load-carrying capacity, the values of the axial 
loads at collapse are practica11y the same for all cases. 
For the non1 inear case the structure was analyzed by using 
the nonl inear programming routine described in Section 5.5. A second 
degree YIeld surface given by Hodge was util ized. The equations of the 
surface are as follows: 
(6.4) 
This yield surface is plotted in Fig. 6.8, together with the 
spherical surface and the exact yield surface for an I-shaped section 
presented in the study mentioned. The values of the calculated 
normal ized stress components at collapse are plotted for that study and 
for the present one. 
In the present case a load of 18.31 K at the center of the 
beam was obtained at collapse. This value is practically equal to the 
average of the values obtained in the study mentioned,. as the present 
yieid surface i iss in between the two surfaces considered in that study. 
The results reported were obtained after 90 iterations of the 
nonl inear routine without reaching the optimum value and beginning with 
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an initial value of 15K for the load and proportional va'lues:for the 
remaining unknowns. 
In summary, the value of the reference load F obtained by using 
by 1 ineariz ing the yield sur'face and applying I inear programming. 
Accordingly, if such close results are obtained even when the axial 
loads are quite large, it can be concluded that the 1 inear programming 
approximation is sufficiently accurate for most practical problems. 
b) Gable Frame. In order to re1ate the theory developed in 
this study to practical results a gable frame (Fig. 6.9(a)) presenting 
, (29) 
similar characteristics to the one tested by Nelson et alo was also 
considered. The study was carried out with the same four yield surfaces 
as used in the previous example. 
The results obtained are as follows: 
(i) The value obtained for the reference load Fare: 
Case 1. 
Case 2. 
Case 30 
Case 4. 
16 .. 33K (AISC) 
15.44K (Hodge) 
14,64K (Lower Bound line) 
1 6 • 33 K (No i n t era c t ion) 
(ii) The mode of collapse, as given by the dual variables in 
the nodal solution, was the same for all cases and is represented in 
Fig. 6.9(b)o However, the stress vector also reaches the yield surface 
at the negative end of member 5. 
The following conclusions can be drawn from the previous 
results and from those obtained in the experiment: 
(i) The value of F reported in the paper mentioned was 16.25K, 
which is in close agreement with the results obtained for cases J and 4. 
88 
The value of F is the same in cases 1 and 4 since for all members the 
axial load is less than 15 percent of the fully plastic value. 
(ii) The mode of collapse obtained by the analysis, shown in 
Fig. 6.9(b), is somewhat different from the one obtained in the test 
mentioned, ioe., in the present case rotation occurs at the negative end 
of member 7 while in the test mentioned rotation takes place at the 
negative end of member 5. All other hinges are as indicated in Fig. 
6.9(b)0 However, the fact that in the present study the stress vector 
reaches the yield surface at the negative end of member 5 indicates that 
that mode of collapse is also in agreement with the results obtained in 
this studyo 
c) Plane Grid. In the previous examples only planar frames 
were considered, where the components of the stress vector defining 
yielding are the axial force and the bending momentG In the present 
example a plane grid is considered and the stress components defiriing 
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yielding are the bending moment with respect to the principal axis of 
the member and the torsional momento 
The planar grid of Figs 6010 is similar to that presented by 
Hodge(19) and the yield surface utilized was the 1 inearized lower bound 
surface for this type of interaction which is also given by Hodge. The 
equations of the 1 inearized surface are: 
m m 
x z 
+ -- + 0.414 -- = 
- m - m 1 3 
(6.5) 
Hodge makes a study of this structure for the case in which the external 
load is located at any point along members 1 or 2 and for a wide range 
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of ratios between the fu11y plastic values for the torsion moment and 
the bending moment. For the present study the fully plastic values 
were: 60 inch-kips for the torsion moment and 100 inch~kip5 for the 
bending moment. 
The results obtained were as follows: 
(i) the value of F at collapse was of 21.89K. 
(ii) the location of the yield hinges at collapse are given 
in Fig. 6.10 and the norma) ized stress vectors, as transferred to the 
first quadrant, are given in Fig. 6~11o 
The value of F at collapse agrees with that value calculated 
by the formulas given by Hodge and the mode of collapse is a1so the same 
as the one presented in that book. 
6.3 General Case of Interaction: A Space Frame 
In order to study the interaction of forces for a space frame, 
segments, was analyzed. The structure is made up of a square 
structural tube with a nominal size of 6x6 in. and a wall thickness 
of OQ375 ino The yield stress was taken as 36 Klin2• 
For this type of structure the predominant stress components 
defining yielding are the torsion moment and the two bending moments. 
The fully plastic value of the torsion moment is 561 inch-kips and 
those of the 'bending moments are equal to 729 inch-kips. These values 
were computed from the formulas given in Table 1 'of the study of Morris 
and Fenves. (27) 
A yield po1yhedron for combined bending and torsion for a 
square sec t ion is deve loped in the book of Hodge (J 9) and was uti 1 j zed 
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here. The equations for the yield surface are as follows: 
(6 .. 6) 
m m m 
+ ~ + 0.207 -l + 0.414 ~ = 
- ~1 m2 - m3 
The value obtained for the load F at collapse was 3.72K. The 
distribution of the normal ized value~ for the stress components and 
stress vector for the unfolded helix are represented in Fig. 6.13. It 
can be seen in the figure that: 
(i) The distribution of moments and the value of the stress 
vector present symmetric characteristics with respect to the center of 
the unfolded helix. 
(ii) Collapse is obtained by yield hinges of the members near 
the supports, with the torsion moment being the predominant stress com-
ponent. 
(iii) A reasonable efficient utilization of the material is 
achieved as the smallest value of the normal ized stress vector is 0.77. 
6.4 Minimum Weight Design 
As an example of minimum weight design, the structure with the 
geometry described in Section 6.1 was designed by using the formulation 
presented ih Section 4.4. The design was carried out for the loading 
specified in Fig. 6.1 with F = lK. The equations for the yield surface 
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were those given by the AISC Specifications. 
In order to relate the fully plastic values of the axial load 
and bending moment, as proposed in Section 4.4, the following simp) ifi-
cation was madeo For the purpose of calculating the plastic moment 
capacity, the area is assumed to be concentrated in the top and bottom 
of the section, i.e., in the flanges for a wide-flange section. Hence 
the fully plastic values are given by 
m ;::: 
3 
F A Y x 
d 
F A 2 Y x 
(6. 7) 
in which F is the yield stress of the material, A the area of the y x 
section and d the depth of the section. For the present example, a 
trial depth of 8 inches was selected for all members and therefore 
Three design cases or strategies were considered. These 
three cases differ in the manner in which plastic capacities were 
assigned to the members, or, more specifically, the manner in which 
members were grouped into design variables, where each design variable 
represents all members having equal plastic capacities. The three 
cases are: 
Case 1. Six design variables: one for aii beams, and one 
for each pair of columns in a story. 
Case 2. Four design variables: one for all beams, one for 
the columns of the first and second stories, one for the columns of the 
third and fourth stories, and one for the columns of the fifth story. 
Case 3. Three design variables: one for aJJ beams, one for 
the columns of the first, second and third stories, and one for the 
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columns of the fourth and fifth stories. 
The weight of the members was assumed to be proportional to 
the product of the length times the plastic moment capacity. 
Based upon the former assumptions the minimum weight design 
was carried out using the computer program through the nodal solution. 
The results are as follows; 
Plastic Moment Ca~acities! inch .... ki 2s 
Weight Columns Beams 
(G Iven up to 
a cons tant) S to r):: 1 S to r~ 2 Storl: ~ Storl 4 Stor~ 2 
386788 431072 231 .. 20 230.64 163.56 107. 16 304.36 
2 405424 293.76 293.76 208.36 208.36 63 .. 24 349.60 
3 406772 305.84 305.84 305.84 1 J 5.60 115.60 335.20 
The distribution of moments and the modes of collapse for the 
three design cases appear in Figures 6.14 to 6.19. 
The design corresponding to Case 2 was carried to completion. 
The sections chosen and the corresponding fully plastic values and 
depths were as follows: 
Columns 
Stories 1 & 2 S to r i es ~ & 4 
Section 8 WF 40 8 WF 28 
m3, inch-kips 1436.4 975.6 
p 1 ' kips 423.36 296.28 
d, inches 8.25 8.0 
The following comments are in order: 
Stor~ ~ 
6 B 12 
298.8 
127.08 
6.0 
Beams 
10 WF 39 
1692 .. 0 
413.28 
10.0 
(i) The members were selected such that the actual values of 
the fully plastic moments would keep the ratios of the computed values 
given above, but would supply a larger load factor, Joe., sections 
having larger plastic capacities than those required for minimum weight. 
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(ii) The depths of the members were chosen as near to 8 inches 
as practical, so as to fulfill the initial assumption given by Eq. 
(6.B). The resulting fully plastic values for axial loads are larger 
than one fourth of the fully plastic moments as required by Eq. (6.8). 
This result is on the conservative side. 
The resulting structure was the one analyzed in Section 6.1. 
From the results of the analysis it can be said that: 
(i) A well balanced design was achieved, as can be seen from 
the comparison of the modes of collapse represented in Figs. 6.4 and 
6.17. The two cases correspond to the yield surface specified by the 
AISC Specifications. The same mode of collapse was attained but the 
design case presents more yield hinges since the analysis was made on a 
structure made up of available sections. 
(ii) An additional indication of how closely the structure was 
designed can be seen from Fig. 6.2, i.e., using no interaction~ an 
entirely different mode of collapse was obtained, but only 4 percent 
of difference in the load factor was observed. 

CHAPTER 7 
CONCLUSIONS AND SUGGESTIONS FOR FURTHER STUDY 
7 ,,1 Cone 1 us ions 
It has been shown in this study that the analysis and design 
of rigid-plastic structures subject to proportional loading presents 
al) the characteristics of a network problem and as such can be 
formulated and solved by using network-topological concepts. However, 
while in the ~]astic or elastic-plastic case the problem is estab1 ished 
as a set of simultaneous equations, in the present case the problem is 
established as a mathematical programming problem in accordance with 
the concepts of the plastic analysis theorems. This difference is due 
to the fact that in the present case the load-deformation characteristics 
of the material are not expressible by mathematical functionso The 
problem can be solved by using either an action approach or a distortion 
approach and dual ity guarantees that both methods yield the same 
solutiona Thus, it can be seen that four methods or formulations have 
been presented rather than the two existing for the elastic case. 
There are several ana10gies between the formulations corres-
ponding to the elastic and to the plastic analysis of structures which 
should be pointed out: 
0) The mesh and node formulations of plastic analysis, 
the counterpa·rt of which are the flexibility and the stiffness methods 
for elastic structure~ have been developed and it is shown that, as in 
the elastic case, the node formulation presents greater assets for 
computer implementation in spite of the fact that the size of the 
problem obtained by using the mesh method is usual~y smaller. 
94 
(ii) In order to study the convenience of applying the 
decomposition principle of 1 inear programming to the solution of the 
problem a study of the arrangement of the elements of the constraints 
was carried out and it was found that the node formulation suppJies a 
problem having appropriate characteristics, i.e., an angular system, 
for such application. On the other hand, the mesh method yields a 
prob1em with constraints of unpredictable arrangement, depending upon 
the manner of introduction of releases and upon the numbering scheme 
for the structural members. Thus, as in the elastic case, the node 
formulation of plastic analysis is more adaptable to special ized 
algorithms. 
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(iii) A general formulation of the purely kinematical approach, 
i.e., the use of collapse mechanisms, presents the same complexities 
as the elastic analysis with constrained distortionse 
The formulations developed in this study present the fo11owing 
advantages: 
(i) They are completely general and can be appl ied to 
framed structures regardless of the particular type of structure being 
considered. 
(ii) The formulations are initially developed for the simple 
plastic case and the net~rork-topo1ogical concepts provide an excellent 
tool for their immediate general ization to include the effect of stress 
interaction. 
(iii) The formulations developed for plastic analysis are 
easily converted to cover the minimum weight design case. The computer 
programs first developed for analysis were extended for design with 
very i ittie additional programming. 
Finally, it was also found that the results obtained by 
1 inearizing the yieJd surface are sufficiently accurate for practical 
purposes. Furthermore, a computer program using 1 inear programming 
methods can be implemented much more expediently than one using nonl inear 
programming procedures and thus much emphasis is placed on the use of 
1 j n ear p ro g r amm i n 9 • 
7.2 Suggestions for Further Study 
In the following several extensions to the formulations 
developed above are suggested which will enhance the capabil ities of the 
fo rmu 1 at ions. 
1. The decomposition principle as appl ied to the node formula-
tion should be j1npJemented and the efficiency of the resulting program 
should be compared to that obtained with the program using a general 
1 inear programming routine. Further efficiency can be gained by 
separating the member force vector R into R
J 
and R2 in which Rl contains 
all the action components entering into the definition of yielding and 
R2 those components not entering into that definition. The corresponding 
expansion of Eq. (5.2) for a given structure would supply a linear 
programming problem of the form: 
maximize F 
subj ect to 
rAIl • I I 1 • . Alb' I. A? 1 • I ..! ...... .:" _ ... 
== [oJ 
o 
o 
r ~ (7. I) 
~U 
o 
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This formulation presents definite advantages for the imple-
mentation of the decomposition principle. 
2. Because the formulations presented c]arify the relations 
between the primal and dual variables of the plastic analysis and 
design problems and relate the same to the corresponding elastic 
variables, it appears feasible to formulate a large class of analysis 
and design problems involving both plastic and elastic relations and 
constraints. An approach to such problem c~uld be as follows: 
Consider the nodal formulation of the minimum weight design problem 
given by Eq. (4.28). Next, define the following quantities: 
(i) Let the vec to r Ry be the member fa rces at col lapse. 
(i i) Let the vec to r Rw be the member fa rces at working loads. 
(i i i) Let f be the flex i b i J i t y matr ix of the structure. 
(i v) Let t denote the factor of safety. 
(v) Let u' be a specified vector of maximum joint displace .... 
s 
ments at work i ng loads. 
The formulation of the minimum weight design problem can be 
written as follows: 
minimize Ek.p. 
I I 
subject to AtRy :I P'F (a) 
AtRw = l/tP'F (b) 
Qa .6nRY > 0 (c) (7.2) 
Q -dlRw > 0 , (d) 
StfRw < u· 
- s 
(e) 
P! ~O 
- I 
Ry, Rw unrestricted in sign 
In the above formulation: 
(i) Constraints (a) a'nd (b) specify joint equilibrium at 
collapse and working loads, respectively. 
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(ii) Constraints (c) and (d) specify the yieJd restrictions 
which must be fulfil led at collapse and at working loads, respectively. 
(i ii) Constraint (e) specifies that the joint displacements 
at working loads must not exceed the maximum specified values. 
The problem given by Eq. (70,2) is nonlinear due to 
constraint (e). However, following an argument similar to the one used 
in Section 4.4, it is possible to 1 inearize the constraints by assuming 
the fJexibil ity of a member to be a 1 inear function of its reference 
plastic capacity. 
3. It seems feas ible to include within the formulation 
buckl ing constraints for the individual structural members either by 
redefinition of some of the matrices or by addition of constraints. 
4. If the reJations~ip between the weight of a member and its 
reference plastic capacity is not simply I inearized but piecewise 
1 inearized then the minimum weight design problem can be treated as a 
parametric programming probiem. 
5. The formulations presented appear to Jend themselves to 
the study of the case "in which the loads appl ied on the structure 
present probabiJ istic characteristics. The probJem becomes a stochastic 
programming problem. 
6. The network formulation may prove useful for a more clear 
and unified treatment of the problem of alternative loads. 
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TABLE 1. EXPANDED LINEAR PROGRAMMING 
FORMULATION ... MESH METHOD 
maximize F 
subj ect to 
Membe-i 
a 1 All 
pI 
1 
2 01 2 A21 
pI 
2 
4 a4 A41 A42 
pi 
3 
S as A52 pI 4 
7 a 7 A72 A73 
pi 
5 
8 as A83 
10 a lO A103 A104 
11 all F+ A114 
13 a 13 A, 34 AJ35 
14 Cl 14 A14~ 
... "" -
... IIIilII _ I11II\I .. .. .. .. .. .. 
3 0 A31 
6 0 A62 
9 0 A93 
12 0 A124 
15 0 A155 
F ~ 0 
pi unrestricted in s)gn 
TABLE 2. EXPANDED LINEAR PROGRAMMING FORMULATION -
MESH METHOD (REORDERED CONSTRAINTS) 
13 J 
~ 
maximize F 
subject to 
Member 
a 1 All 
pi 
I 
2 132 A24 
p' 2 
~ «3 3 A34 A35 
pi 
.., 
'3 
4 0 A45 P4 
5 as AS2 pi 5 
6 a6 A63 . A64 
7 a7 A73 
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9 0 A94 
10 a lO A102 AI03 
11 0 A1l3 
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13 CD 13 
A135 
14 <3 14 A141 A142 
15 l 0 A151 J 
F > 0 
p' unrestricted in sign 
TABLE 3. EXPANDED LINEAR PROGRAMMING FORMULATION -
MESH MET~D (MEMBERS RENUMBERED) 
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~ 
Ll 
max imize F 
subject to 
Meraber 
a 1 AU A12 A13 AJ4 A,S 
pi 
1 
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pi 
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maximize F 
subject to 
Node 
AJ I A13 Rl 
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1 0 
2 A21 A22 R2 
pI 
2 
3 A33
8 R3 pI 3 
::::: 
8 pI 8 
P. 
9 A913 A915 p' 9 
10 A1013 A)014 R13 Pia 0 
Member - - - - ~ - - - - ~ - - - - - - - - R14 
B) RJ5 
2 82 0 
3 83 
oS 
13 
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8 13 
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15 D 
°15 J. L'J 
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TABLE 5. EXPANDED LINEAR PROGRAMMING FORMULATION - NODE METHOD 
APPENDIX A 
NETWORK FORMULATION OF PLASTIC ANALYSIS BY USING 
THE COLLAPSE MECHANISMS OF THE STRUCTURE 
The first problem that arises when using the collapse 
mechanisms for the calculations of the ioad-carrying capacity is the 
generation of a set of basic mechanisms. After generating the basic 
mechanisms it is necessary to find the combined mechanisms. Each one 
of the basic and combined mechanisms defines a possible mode of 
collapse of the structure and yields a value for the reference load F. 
According to the kinematic theorem the load carrying capacity is the 
smallest of the values so obtained. 
A.l Method for Generating Basic Mechanisms 
In this section the method for generating basic mechanisms 
is developed for the case of a planar frame. For a plane grid or a 
space frame the derivations follow similar patterns. 
a) Let the vector of member distortions in member coordinates 
be denoted by u. ~u is a vector containing b subvectors of order f. 
b) let the vector of joint displacements in global coordinates 
be denoted by u i •. u i Is a vector containing n l subvectors of order f. 
c) The vectors u and u l are related by the equation. 
U :: Au· (A. 1 ) 
This is a continuity equation relating Joint displacements and member 
distortions. It can also be seen from the node formulation of the 
kinematic theorem that the continuity requirements can be written in 
terms of the hinge distortions and member displacements (Eq. (3.48(b») 
as follows: 
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From Eqe (A"l) and (A.2) u can be written as 
U := ntb, tw 
l36 
(A.2) 
(A. 3) 
Let the elements of u be rearranged in such a way that the 
axial distortions u of all members appear first, the shear distortions 
x 
u" appear next and the angular rotations u
7 
appear last. Let this 
y -
rearrangement of the elements of u be denoted by Ue The vector u is 
obtained from u by premultiplying u by a permutatIon matrix f 1, given 
by: 
r l1 
r 1 == r 12 (A.4) 
r 13 
Then u is given by 
r rill r::l u == rlu == r 12 u == 
Lr13J Luz J 
(A.5) 
Let the elements of u' be rearranged in such a way that the horizontal 
displacements u~ of the Joints appears first, the vertical displacements 
u' appear next and the joint rotations u' appear last. let the vector y z 
so obtained be denoted by Ul. The vectors u' and lj' are related through 
(A.6) 
such that 
u' :::: r u' = 2 
Equations (3.53) can now be rewritten as 
U ::: r Ar lil 1 2 
Let the matrix AI be defined as 
Tnis matrix can be pa rt it ioned as fo J lows I All A12 
A' ::: A21 A22 
L A31 A32 
and Eq .. (A.8) rewr it ten as 
Abl 
A23 
AhJ 
u A I i A12 Abl x 
U ::: A21 A22 A23 Y 
" 
il' A32 il' L-z J L"31 "33 J 
u' y 
u' 
z 
r
U1 
x 
u' 
u~ L zJ 
J 37 
(A.7) 
(A.8) 
(A.9) 
(A. 10) 
(A. 11 ) 
From the nature of the rotation and translation matrices it can be shown 
that 
A'3 :::: 0 
A31 :::: 0 (A. 12) 
A32 ::: 0 
The. method for generating basic mechanisms can be described as 
follows. Since the structural members cannot u~dergo axial distortions 
the subvector u is set equal to Zero. Equation (A. II) can be rewritten 
x 
as 
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0 All A1:z 0 u· x 
u = A21 A22 A23 u' (A. 13) Y Y 
u 0 0 A33 u' z z 
Let the co 1 umns of AI be rearranged into a matr ix All given by 
r A" A" :~J 11 '12 All = All A" (A. 14) l /1 22 ~> J 0 A'l 33 
In such a manner that the matr ix AI' 11 be nonsingular and 
A'l 23 = A' 23 
A'l = AI (A. 15) 33 33 
This Is possible whenever the axial distortions of the member 
can be constrained to be zero in an independent manner. For the most 
general case a procedure slmi1ar to that described by Mauch:and ;Fenves(25) 
can be used. It shoul d be n'o ted that: 
(i) it is only necessary to rearrange the first 2n l columns 
of AI; 
(i i) wh i 1 e the • Al AI A' matrIces 11' 12' 21 and A22 are of order 
b x n B , the matr ices A" 11 and 
All 
21 are of order b x b and the matr ices 
A'l 12 and 
All 
22 are of order b x (2n ' -b). 
To th is rearrangement of the co 1 umns of A I there co rresponds 
a rearrangement 5· of the elements of u~ ~'can be written as 
(A" J6) 
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in which u1 is a b-vector, u~ is a (2n'-b) vector and u~ is an nl-vector. 
After these remarks Eq. (A.13) can be rewritten as 
I:J I A" A" :bl I:~ l 11 12 ::: A" A" (A .. 17) 21 22 
LUzJ 1° 0 AhJ Lu~J 
The upper part of Eq. (A. 17) yields 
(A. J 8) 
and 
(A. 19) 
Replacing the value of ui as given by Eq. (A.19) into the lower part of 
Eq. (A.17) it is possible to write 
in which 
~2:t_ 
A33 
A /I ::: - A II (A II ) ... 1 A f f + A If 
22 21 J1 12 22 
u' 2 
u' 
z 
From Eq. (A.3) and (A.5) resu1 ts the fo11owing express ion 
and from Eqo (A.20) and (A.22) 
r12l 
r13 J 
let the matrix l be defined as 
l ::: 
o 
u y 
u 
z 
u' 
Z 
(A. 2 1) 
(A.22) 
(As 23) 
(A.24) 
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From Eq. (A. 23) and (A Q 24) resu 1 ts 
A" 22 A23 u
l 
2 
-1 
w = L (A.25) 
0 A33 u l z 
F i na 11 y if the matrix E is defined as 
A" A23 
-1 22 E = [E 1 E2 ] = L 0 A33 
(A. 26) 
then Eq .. (A e 25) reduces to 
u l 2 
u I 
2 
w = E = [ £1 E2 ] 
u B u' 
(A.27) 
Z z 
The matrix E defined by Eq. (A.26) thus provides a direct 
relationship between the member h-inge rotations w and the independent 
joint displacements. Each column of the matrix E} defines a basic 
col1apse mechanism for the structure. The non-zero entries of each 
column define the rotations at the member ends constituting a mechanism~ 
The columns of E2 represent patterns of member hinge rotations compatible 
with a unit rotation of each joint of the structure. The joint 
mechanisms are therefore defined by the non-zero entries at each co1umn 
A.2 Generation of Combined Mechanisms. 
Several methods have been suggested for the generation of com'" 
bined mechanisms in rigid-plastic ana1ysis. In general, all of them 
follow the original ideas presented by Neal and Symmonds. (28) It is 
shown that the number of combined mechanisms increases astronomically as 
the number of members in the structure do. Hence, in a method which is 
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based on]y on the use of collapse mechanisms there always exists the 
possibil ity of overlooking one or more combined mechanisms. 
Heyman and Prager(18) have presented a method (for minimum 
weight design) which simultaneously uses the static and the kinematic 
theorems and thus the problem of neglecting combined mechanisms is 
avoided. 
This section will be 1 imited to present a mathematical pro-
gramming formulation for the problem of. finding the critica1 collapse 
mechanism. A combined mechanism represented by a vector w is given by 
w = E u' + E u' J 2 2 z (A.28) 
i"e., it is a linear combination of the basic and joint mechanismse 
Let the columns of E, be denoted by Ell' .0"' Elk and the corresponding 
elements ofu2 by u2J , ... J u2k" 
Let the columns of E2 be denoted by E21 , ••• , E2nl and the 
corresponding elements of u· by u'l' •• Oll U' I. Z Z zn 
Then the expansion of Eqe (A.28) yields 
(A.29) 
For this combined mechanism the work of the internal forces can be 
written as 
M~H = M~ I Ell u21 + ••• + Elku2k + E21u~1 + .•• + E2n,u~nll 
in which H is the vector of plastic capacities. p 
(A. 30) 
The joint displacements corresponding to ware given by 
t t t -t 
u' = B n ~ w ~ B w 
and the work of the external forces is given by 
(A.31) 
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(A.32) 
Now, using Eq. (A.29), the work of the external forces becomes 
For each one of the col1apse mechanisms the equal ity of external and 
internal power supplies a value ofF, i .. e.» 
F = (A.34) 
and the load carrying capacity is the smallest of all the F's obtained, 
provided that the system of velocities be kinematically admissible, 
i.e., the external power is positive. 
Hence, the problem of finding the critical load or, 
equivalently, the critical collapse mechanism can be formulated as an 
optimization problem as follows 
minimize F 
subject to external power> 0 (A .. 35) 
The last condition, i.e., external power greater than zero, is more con-
veniently written as in the formulation of the kinematic theorem, 
namely, the external power is restricted to be greater than or equal to 
one. 
The expansion of Eq. (A.35) 
H: IEIIU~l + .,. + Elku~k + E21u~1 + ..• + E2nlu~nll 
minimize -'It~t (El1u~1 + ..• + Elku~k + E21u~1 + ••• + E2n,U~n') 
(A. 36) 
subject to 
u' is unrestricted in sign 
The solution to this problem yields the value of the load-carrying 
capacity as well as the coefficients u21 , ... , u2k, u'z1' ••• J u~nl 
which define critical collapse mechanism. 
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The following remarks can be made with respect to the previous 
deve lopments: 
(i) Let the ith column of E1, define a basic mechanism and 
the jth columns of E2 define a joint mechanism. Then if E1 (k, i) = 
a ~ 0 and E2 (k,j) = b ~ 0 then the vector 
(A. 37) 
also defines a basic mechanism. This is equivalent to relocating a 
hinge at a joint in a basic mechanism. 
(i i) In Eq. (A.29) not every set of u i IS defines a mechanism 
(basic of combined). I However, a set of u2 s, not all of them zero, 
define a combined mechanism w given by 
(A.38) 
if there exists some k such that wk = 0 in Eq. (A.38) and there exists 
some i such that E, (k, i) F o. 
To the author's knowledge there does not exist a mathematical 
programming method suitable for the solution of this type of problem. 
Thus, the genera) ization of the method of mechanisms through a mathe-
matical programming formulation does not seem to have an easy 
implementation. Finally, it should be pointed out that the usual methods 
based on the collapse mechanisms take into account the specific nature 
of the loads to eliminate some of the mechanisms while the procedure 
presented here is load-independent. 
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